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ABSTRACT
Enhancing optical signal is a subject of long term interest with many applications,
such as trace chemical detection in the lab and standoff detection in the atmosphere.
It is well known that optical properties of multi-level atomic and molecular system
can be controlled and manipulated efficiently using quantum coherence and interfer-
ence resulting an enhancement in optical signals. In this dissertation we investigate
methods both with/without utilizing coherence of atomic and molecular systems to
enhance optical signals. We use resonant Raman scattering and surface-enhanced
Raman scattering which do not rely on molecular coherence to boost Raman signal
from molecules, several orders of magnitude enhancement has been achieved. When
coherence is introduced into atomic systems, cooperative emission is produced as
a result of coherence. The emission is named Superfluorescence (SF) or superradi-
ance (SR) depending on the initial coherence of the prepared systems. We study
the properties of SF, yoked SF (YSF) and SR, the transition from YSF to SR and
quantum beat exhibits in YSF/SR signal. More than thirty folds of pulse energy is
obtained from SR compare to that of YSF. Possible applications of these results are
also discussed.
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1. INTRODUCTION
“Let there be light”, and there was light. And light is, not only essential for
one of the most important perceptions for human being, vision, but also crucial for
development of the subject of physics: from the Michelson-Morley experiment to
special relativity [2], from the Lamb shift to quantum electrodynamics [3], just to
name a few. The human eye is very sensitive to green light: even a few photons
of green light can catch one’s attention in a dark room. But in another sense, the
human eye is not quite sensitive, i.e., in capability of resolving the frequency of light.
When monochromatic light scatters from a substrate (either gas, liquid or solid
phase), away from absorption lines of the substrate, of course, most likely the light
would come out without changing its frequency. But there is a small probability,
about one out of a million, it shifts its frequency. The former case is called Rayleigh
scattering, while the later is named Raman scattering, and the corresponding shift
is called the Raman shift [4].
It is found that Raman shifts correspond to vibrational or rotational transitions
of the scattering molecule that composed the substrate. By studying the pattern
and intensity of the Raman lines, a lot of molecular information was uncovered. In
general, different molecule has different features in its Raman spectra thus make the
Raman spectrum the “finger prints” for molecules. Raman signal is typically so weak,
acquiring a Raman spectrum takes a good amount of light and substrates and time.
Enhancing optical signal is, in general, a subject of long term interest with many
applications, such as trace chemical detection in the lab and standoff detection in
the atmosphere. In the lab, either under microscope or on the optical table, peo-
ple have been using many ways to enhance the Raman signal; among them are the
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resonant enhanced Raman and surface-enhance Raman [5, 6] and even tip-enhanced
Raman scattering [7], which does not need to account for coherence in the molecular
system. It is also well known that optical properties of multi-level atomic and molec-
ular systems can be controlled and manipulated efficiently using quantum coherence
and interference resulting an enhancement in optical signals. Coherent anti-Stokes
Raman Scattering is an example of using coherence of molecules to boost the signal
[8, 9].
In the standoff detection/remote sensing side, the conventional atmospheric light
detection and ranging (LIDAR) techniques [10, 11] have essential tools for detecting
traces of air impurity at long distances. A tremendous amount of research has been
devoted to upgrading conventional LIDAR techniques. Recently, coherent stand-
off spectroscopic (SOS) techniques have been proposed [12, 13]. In particular, one
SOS technique [12] is intended to maintain a backward swept-gain for the successive
two-photon induced superradiance (SR) [14, 15] or superfluorescence (SF) [16, 17]
emissions. High-gain, directional backward SF emissions have been observed in air
[18, 19, 20]. In this dissertation, our interest spans from generation and propagation
of such SF pulses in atomic vapor and studying the properties of the pulses, enhancing
the correlated emission, Yoked SF (YSF) [21], by driving YSF into SR, to quantum
beat exhibits in YSF/SR signal. Some applications will also be discussed, such as
probing dipole-dipole interaction and wave package control. The following sections
outline the topics.
1.1 Enhanced signal in Resonant Raman and Surface-Enhanced Raman
spectroscopy
As the first example of method without using atomic/molecular coherence to en-
hancing optical signal, an ultralow-power diode-laser radiation is employed to induce
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photodesorption [22, 23, 24, 25] of cesium from a partially transparent thin-film ce-
sium adsorbate on a solid surface. Using resonant Raman scattering, which utilizes
resonant transition in cesium molecules to enhance Raman signal by several orders
of magnitude, we demonstrate that this photodesorption process enables an accurate
local optical control of the density of dimer molecules in alkali-metal vapors.
Surface-enhanced Raman scattering (SERS) is another example of method using
no coherence in the molecular system. SERS of rhodamine 6G was investigated on
template-embedded gold nanorods produced by anodic aluminum oxide template-
assisted nanofabrication. A signal enhancement factor of about 106 was obtained.
SERS substrate design principles were investigated in order to achieve maximum
electromagnetic enhancement of both the incident and Raman-scattered fields.
1.2 Quantum coherence: from Yoked superfluorescence to superradiance
When coherence is introduced into an atomic system, cooperative emission as
a result of coherence in the system can emit, faster than the single atom decay,
a directional beam in a solid angle much smaller than the 4pi-angle of emissions
such as spontaneous emission and Raman scattering signal. SF and SR are the
names of the emissions depending on the initial coherence of the prepared system.
Studies are carried out in atomic vapors. We study backward cooperative emissions
from a dense sodium atomic vapor. Ultrashort pulses produced from a conventional
amplified femtosecond laser system with an optical parametric amplifier are used to
excite sodium atoms resonantly on the two-photon 3S1/2−4S1/2 transition. Backward
SF emissions (BSFEs), both on the 4S1/2 − 3P3/2 and 4S1/2 − 3P1/2 transitions, are
observed. The picosecond temporal characteristics of the BSFE are observed using
an ultrafast streak camera. The power laws for the dependencies of the average
time delay and the intensity of the BSFEs on input power are analyzed in the sense
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of cooperative emission from non-identical atomic species. As a result, an absolute
(rather than relative) time delay and its fluctuations (free of any possible external
noise) are determined experimentally. The possibility of a backward swept-gain SF
as an artificial laser guide star in the sodium layer in the mesosphere is also discussed.
We also investigate cooperative emissions from a rubidium vapor, and demon-
strate a controlled transition from yoked SF to three-photon-induced SR by driving
the medium with co-propagating ultrashort laser pulses, 30 folds more signal inten-
sity is obtained in the case of SR. We study their temporal profiles and time delays
on a picosecond time scale and compare the measured pulse shapes with simulations.
Our results suggest strategies to improve efficiency of mirrorless lasers and SR light
sources.
When the system transits from YSF to SR as we increase the pulse energy in the
probe pulse, the delay between the SF and pump pulse is gradually reduced to that
of SR, the probe pulse energy serves as a control knob. More interesting results are
also obtained when the time delay between the pump and probe pulses are scanned.
Quantum beat from coupled dual pathways, as a result of the scan, can be used to
reveal dipole-dipole interaction and multi-photon (>5) interaction in the system we
study. The phase of the beat pattern, which indicates the phase of excited wave
package, could be controlled by fine tuning the spectrum of the pump pulse and/or
by adding one more pump pulse to interfere with the other.
4
2. SEMICLASSICAL THEORY OF ATOM-FIELD INTERACTION
In this chapter, we will present some of the theoretical concepts and tools we often
use in the study of interaction between radiation field and matter. The so-called
semiclassical theory treats the atom quantum-mechanically while the radiation field
is treated as a classical electromagnetic field. There are some good text books [3, 26]
discuss the basics and many advanced topics in the field of quantum optics, one
would surely be well equipped by reading them. Here, we first introduce an example
of a two-level system interacting with a single mode of electromagnetic field. Then
we will extend the discussion to three or more level systems. The concepts and tools
will be naturally introduced during the discussion.
2.1 Electrical dipole approximation and interaction Hamiltonian
Let’s start with Schrödinger equation (SE) with a minimal-coupling Hamiltonian
which describes an electron interacts with an external electromagnetic (EM) field,
which reads
{
− h¯
2
2m
[
∇− i e
h¯
A(r, t)
]2
+ eU(r, t) + V (r)
}
ψ(r, t) = ih¯
∂ψ(r, t)
∂t
, (2.1)
where e is charge and m is mass of the electron; U is scalar and A is vector potentials
of the EM field; V (r) is the static potential which is usually the binding potential.
We use radiation gauge, in which U(r, t) = 0 and ∇·A = 0. Consider the electron is
bound by the nuclear potential V (r), and assume the nuclear is located at r0. If the
wavelength of the EM field is much larger than the size of the bounded system (the
atom), the dipole approximation is valid, and we can replace A(r, t) with A(r0, t),
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so the equation can be written as
{
− h¯
2
2m
[
∇− i e
h¯
A(r0, t)
]2
+ V (r)
}
ψ(r, t) = ih¯
∂ψ(r, t)
∂t
. (2.2)
Next we apply a gauge transformation
ψ(r, t)→ ψ(r, t)eiχ(r,t), (2.3)
with χ(r, t) = −eA(r0, t) · r/h¯, thus
A(r0, t) → A(r0, t) + h¯
e
∇χ(r, t) = 0, (2.4)
U(r, t) → U(r, t)− h¯
e
∂
∂t
χ(r, t) = r · ∂
∂t
A(r0, t). (2.5)
Note that radiation gauge implies that E = −∇U − ∂A
∂t
= −∂A
∂t
and B = ∇×A, the
Schrödinger equation now reads
{
− h¯
2
2m
∇2 + V (r)− er · E(r0, t)
}
ψ(r, t) = ih¯
∂ψ(r, t)
∂t
, (2.6)
with total Hamiltonian
H = H0 +H1, (2.7)
where
H0 =
p2
2m
+ V (r), (2.8)
is the unperturbed Hamiltonian of the electron and
H1 = −er · E(r0, t), (2.9)
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is the Hamiltonian describes atom-field interaction. Once we get the explicit expres-
sion of V (r), then the SE with H0 can be solved approximately with good enough
accuracy in many cases. The light-atom interaction term H1 is then treated as a per-
turbation to the unperturbed system. Assume that we have found the eigenstates
of H0, ψi(r, t), which satisfies H0ψi = Eiψi, i = a, b, c . . ., we can present H0 in its
own eigenstate representation. Using the bra (〈 |)and ket (| 〉) notation, ψi = |i〉 and
its complex conjugate is ψ∗i = 〈i|. Using the completeness relation
∑
i |i〉〈i| = 1, H0
can be represented as
H0 =
∑
i,j
|i〉〈i|H0|j〉〈j| =
∑
i
Ei|i〉〈i| =
∑
i
h¯ωi|i〉〈i|, (2.10)
where we have used Ei = h¯ωi . Similarly, we can express H1 as
H1 = −er · E(r0, t)
= −e
∑
i,j
|i〉〈i|r|j〉〈j| · E(t)
= −
∑
i,j
℘ij|i〉〈j| · E(t), (2.11)
where ℘ij = ℘∗ji = e〈i|r|j〉 is the matrix element of the electric dipole moment and
E(t) is the field at the atom, we omit the r0 since it is a constant here (position of
the nuclear). The strength of the dipole moment |℘ij| and the polarization of the
radiation field is determined by the selection rules of the dipole transition. More
discussions on selection rules can be found in many text books [1, 27, 28]. In the
following section, we first consider a two-level system (i = a, b) interaction with a
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monochromatic field (E(t) = E cos νt), polarized in the xˆ direction. It is easy to find
H1 = − [℘abE |a〉〈b|+ ℘baE |b〉〈a|] cos νt
= −h¯ [ΩRe−iφ|a〉〈b|+ ΩReiφ|b〉〈a|] cos νt, (2.12)
where the Rabi frequency is ΩR = |℘ab|Eh¯ , and ℘ba = |℘ba|eiφ.
2.2 Interaction picture
Solving SE can be done in different pictures. In Schrödinger picture, the wave
function |ψ(r, t)〉 carries the evolution of the quantum system. For a two-level system,
the general wave function can be written as
|ψ(t)〉 = Ca(t)|a〉+ Cb(t)|b〉, (2.13)
where Ca and Cb are the probability amplitudes for each eigenstate. Plugging it into
the SE,
d
dt
|ψ(t)〉 = − i
h¯
(H0 +H1)|ψ(t)〉, (2.14)
we get
C˙a(t) = −iωaCa + iΩRe−iφ cos(νt)Cb, (2.15)
C˙b(t) = −iωbCb + iΩReiφ cos(νt)Ca, (2.16)
where “·” means time derivative. We can introduce a slowly varying amplitudes:
ca = Cae
iωat, (2.17)
cb = Cbe
iωbt, (2.18)
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Then it follows that
c˙a = i
ΩR
2
e−iφcb
[
ei(ω−ν)t + ei(ω+ν)t
]
, (2.19)
c˙b = i
ΩR
2
eiφca
[
e−i(ω−ν)t + e−i(ω+ν)t
]
, (2.20)
where ω = ωa − ωb. When the radiation frequency ν is close to transition frequency
ω, the second exponential terms with ±(ω+ν) oscillate much faster than the first and
they usually average to a very small contribution during a time interval ∆t > 1/(ω−
ν); by ignoring these two terms we make a rotating-wave approximation (RWA).
Then these two coupled equations can be readily solved. And using the probability
amplitudes we can evaluate the average value of any operators, 〈O〉 = 〈ψ(t)|O|ψ(t)〉.
In Heisenberg picture, |ψ(t)〉 = U(t)|ψ(t = 0)〉, the unitary operator U(t) =
e−iHt/h¯ carries the evolution of the system. We introduce another very useful picture,
the interaction picture, by assuming |ψ(t)〉 = U0(t)|ψI(t)〉, with U0(t) = e−iH0t/h¯. As
we will show below, |ψI(t)〉 carries the evolution of the system that has been caused
only by interaction between the field and the atom. It is interesting to see that when
we introduce ca and cb in equations (2.17) and (2.18), we are actually solving the
problem in the interaction picture, by noticing that
|ψI(t)〉 = U †0 |ψ(t)〉
= e−iHt/h¯ (Ca(t)|a〉+ Cb(t)|b〉)
= Cae
iωat|a〉+ Cbeiωbt|b〉
= ca(t)|a〉+ cb(t)|b〉. (2.21)
To work in the interaction picture, we need to find the form of SE in this picture,
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which is
ih¯
∂
∂t
|ψ〉I = ih¯ ∂
∂t
[U †0(t)|ψ〉]
= ih¯{ ∂
∂t
[U †0(t)]|ψ〉+ U †0
∂
∂t
[|ψ〉]}
= (−H0 +H0 + U †0V U0)|ψ〉I
= V (t)|ψ〉I , (2.22)
where V (t) = U †0V U0, assuming that H = H0 + V . And from
Hn0 = (h¯ωa)
n |a〉〈a|+ (h¯ωb)n |b〉〈b|, (2.23)
we get
U0 = e
−iωat|a〉〈a|+ e−iωbt|b〉〈b|, (2.24)
and
V (t) = U †0V U0 = −h¯ΩRU †0
(
e−iφ|a〉〈b|+ eiφ|b〉〈a|) cos νt
= − h¯ΩR
2
(
e−iφ|a〉〈b|eiωt + eiφ|b〉〈a|e−iωt) (eiνt + e−iνt) .(2.25)
After RWA, we can get
V (t) = − h¯ΩR
2
(
e−iφ|a〉〈b|ei(ω−ν)t + eiφ|b〉〈a|e−i(ω−ν)t) . (2.26)
In general the transformation adds a ei(ωi−ωj)t factor to the |i〉〈j| term. The equation
can be further solved using the probability amplitude method or the perturbation
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expansion method often used in Heisenberg picture
|ψI(t)〉 = UI |ψI(t = 0)〉, (2.27)
where the time-evolution operator in interaction picture is
UI(t) = T exp
[
− i
h¯
∫ t
0
V (τ)dτ
]
= 1− i
h¯
∫ t
0
dt1V (t1) +
(
− i
h¯
)2 ∫ t
0
dt1
∫ t1
0
dt2V (t1)V (t2) + . . . .(2.28)
We will show examples using this method to calculate transition amplitudes be-
tween multi-levels through multi-photon processes in appendices A and B.
2.3 Enhancement factors in Resonance Raman and surface-enhanced Raman
scattering
In Raman process, when the excitation wavelength is close to or in resonance with
the electronic states of a molecule, the resonance Raman scattering (RRS) occurs.
The resonance Raman scattering has long been a very important tool complementary
to the non-resonance Raman scattering in the study of molecular properties [4, 29].
The enhanced cross section for RRS can be easily understand by noticing that the
polarizability tensor has a Lorentzian profile factor
1
ωgm − ωL − iΓm , (2.29)
where ωgm is the transition frequency from electronic state |m〉 to ground state |g〉,
ωL is the the laser frequency and Γm is the spontaneous decay rate of state |m〉. For
non-resonance Raman scattering, the factor is governed by a large detuning between
ωgm and ωL, typically tens of terahertz (THz); but in the case of RRS, denominator
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of this factor reduces to the order to Γm, on the order of megahertz (MHz), which
give an enhancement factor of ∼ 106.
The signal enhancement in surface-enhanced Raman scattering (SERS) is much
more complicate, as discussed in reference [5]. The list of factors need to be consid-
ered are: surface plasmons, excitation wavelength, the polarization of the exciting
and scattered radiation, structural features of the SERS-active system, number den-
sity of molecules on the surface and so on. In experiments, estimation of enhancement
factor (EF) can be obtained relatively easier by the equation [30, 31]
EF =
[ISERS][Nbulk]
[Ibulk][Nads]
, (2.30)
where the intensity ratio between SERS (ISERS) and bulk (Ibulk) signal can be directly
measured and number of molecules (Nbulk for the bulk signal, Nads for adsorbed
molecules on surface of SERS material) involved in the process can be estimated
from density and occupation volume of the molecule studied.
2.4 Superradiant, subradiant states and yoked superfluorescence system
In 1954, Dicke predicted the possibility of “super-radiant” spontaneous emission
from a system of radiators with dipole transitions, either electric or magnetic [14].
Ever since, many important works have been done both theoretically and experi-
mentally ∗. In extended system, “timing is everything” [32]. By attaching a proper
phase factor, governed by the propagation of radiation (thus timing), for each excited
atom, the generalized result is the timed Dicke state
|Ψ (N |1k0)〉 =
1√
N
∑
j
eik0·rj |b1, b2, . . . , aj, . . . , bN〉|0〉, (2.31)
∗For more references, please refer to introduction of Chapter 6
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where one atom is excited by a photon of wave vector k0, rj is the position of the
jth atom; we assume two-level system, |a〉 is the excited state and |b〉 is the ground
state of the atoms. And as shown in the reference [32], the emission from this state
is directional, and it is a superradiant state.
The superradiant state is only a set of particular states in the Hilbert space
which describes N spinors (a two level atom can be treated as a pseudospin). In
general, there are 2N independent states. From group theory, as Dicke taught us,
only N + 1 states belongs to superradiant group which can be excited by directly
absorbs photons from the ground state. It can be shown that in the superradiant
group, the decay rate from state |N,m〉 to |N,m−1〉 is (N +m)(N−m+1) times of
single atom decay rate [33]. All other states can be grouped as subradiant states in
the sense that these states do not decay to superradiant states (thus not accessible
by direct absorption of photons), and for some of these states, their decay to ground
state is much slower. Reference [33] shows examples of the subradiant states.
We can generalize the timed Dicke state to weak excitation limit when m atoms
are excited while m N holds. The state can be written as
|Ψ (N |mk0)〉 = C
∑
j1,··· ,jm
eik0·(rj1+···+rjm)|b1, b2, · · · , aj1 , · · · , ajm , · · · , bN〉|0〉, (2.32)
where C is a normalization factor.
Most of the experiments we present in last a few chapters are working on so-called
Yoked superfluorescence (YSF) system [21], which can be simplified to a three-level
system, as shown in Figure 2.1, |a〉 is the excited state, |b〉 is the intermediate state
and |c〉 is the ground state of the atoms. To get an idea of the emission from the
system, we will proceed the following simple argument. The full problem can be
treated by the Maxwell-Bloch equations, as shown in reference [34], for example.
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Figure 2.1: Scheme of a three-level Yoked superfluorescence (YSF) system.
Using the language of timed Dicke state, we start from state
|c1, · · · , cN〉 ⊗ |m〉k0 , (2.33)
Let’s assume that the photons from excitation beam have wave vector k0, after
the excitation, the state is
C
∑
j1,··· ,jm
eikac·(rj1+···+rjm)|c1, c2, · · · , aj1 , · · · , ajm , · · · , cN〉|0〉, (2.34)
where kac = 2k0, C is normalization factor. If the system coherently emits photons,
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i. e., superradiant emission, and the atoms go to state |b〉,
C
∑
j1,··· ,jm
ei(kac±kab)·(rj1+···+rjm)|c1, c2, · · · , bj1 , · · · , bjm , · · · , cN〉|m〉kab . (2.35)
The sign before kab depends on the direction of the emission: if the emission goes
in the same direction (forward emission) of k0, the sign is minus; and if the emission
goes to opposite direction (backward emission) of k0, it is plus sign. In the case of
forward emission, |kac − kab| = |kbc| = ωbc/c, so the state can further emit photons
in the same direction of k0, of an angular frequency ωbc. But in the case of backward
emission, the k vectors are not phase-matching, thus could not emit in superradiant
way; in general, the corresponding state is not a eigenstate of the system, thus a
superposition of superradiant and subradiant states.
For the YSF system, the coherence ρab and ρbc are coupled, so does the forward
emissions. The superfluorescence emission on the upper transition (|a〉 → |b〉) induces
simultaneous superrandiant emission on the lower transition (|b〉 → |c〉), but the
increase of emission on the lower transition will deplete state |b〉 and reduce ρab, thus
suppress the emission on the upper transition, this is the reason it’s named “yoked”.
But for backward emission, lack of lower transition in fact helps faster build-up of
the emission on the upper transition than the forward emission.
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3. ULTRALOW-POWER LOCAL LASER CONTROL OF THE DIMER
DENSITY IN ALKALI-METAL VAPORS THROUGH
PHOTODESORPTION∗
3.1 Introduction
Alkali-metal vapor systems are in high demand as time and frequency standards
[35], playing an important role in optical metrology [36], and are widely used to
test fundamental principles in optical and atomic physics [3]. Besides wide range of
applications, the alkali-metal vapor is one of the most attractive and powerful model
systems for laser-matter interaction, which has enabled some of the most significant
discoveries in natural sciences from pioneering experimental demonstrations of ra-
diation pressure on atoms [37], optical pumping [38, 39], and hyperfine structure
measurements [40] to coherent population trapping [41], magneto-optical trapping
[42], and Bose-Einstein condensation [43].
A routine technique for the preparation of alkali-metal vapors for a broad variety
of laboratory experiments and applications is based on heated alkali-vapor cells.
Alkali vapors in such cells include atomic and molecular components whose overall
pressure is controlled by the temperature of the cell [44]. Several elegant techniques
have been proposed to control the densities of the atomic and molecular fractions in
alkali-metal vapors. In particular, Lintz and Bouchiat [45] have demonstrated the
laser induced destruction of cesium dimers in a cesium vapor through a quasiresonant
process assisted by collisions of cesium molecules with excited-state cesium atoms and
∗Reprinted with permission from “Ultralow-power local laser control of the dimer density in
alkali-metal vapors through photodesorption,” by Pankaj K. Jha, Konstantin E. Dorfman, Zhenhuan
Yi, Luqi Yuan, Vladimir A. Sautenkov, Yuri V. Rostovtsev, George R. Welch, Aleksei M. Zheltikov,
and Marlan O. Scully, 2012, Applied Physics Letters 101 (9), 091107. Copyright [2012] by the
American Institute of Physics.
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later on Ban et al [46]. extended this approach to rubidium. Sarkisyan et al. [47]
also developed a simple method of thermal dissociation of cesium dimers in cesium
vapor cells.
In the past decade, laser induced atomic desorption (LIAD) [22, 23, 24, 25] tech-
nique has gained much attention for controlling the atomic density in cells coated
with paraffin etc. In such cells, the atoms get adsorbed on their inner surface with
time. In a typical LIAD experiment, a desorption laser illuminates a coated vapor
cell and its effect is studied by the analyzing the absorption/transmission of a weak
probe field resonant to some atomic/molecular transition of the alkali vapor. Work
related to this area has been primarily focused on controlling the atomic densities
for e.g., Rb, Cs, K, Na, etc. First initiative in the direction of control over dimer
concentration using LIAD was studied by the Berkeley group [25].
In this chapter, we extend the laser-induced photodesorption technique to ul-
tralow laser power and use resonant Raman spectroscopy to demonstrate that LIAD
(Refs. [48] and [49]) enables an accurate local control of the dimer density in alkali-
metal vapors. Our experimental strategy is based on studying the backscattered
Raman signal from the alkali-metal vapor while illuminating a thin film of metal,
deposited on the window of an uncoated vapor cell, using continuous wave (cw) laser
at milli-watt power [see inset Figure 3.1]. In our experiment, we used a cylindrical
uncoated Pyrex cell with a diameter of 3 cm and a length of 7.5 cm. After desorp-
tion from the film, the alkali monomers (atoms) can form dimers, trimers, and higher
order oligomers by colliding with each other. Possibility of dimers adsorption on the
surface of the film is beyond the scope of the current work.
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Figure 3.1: Experimental setup. The upper inset shows a simple three-level model
for Raman scattering. Here, the lower two levels p and s and upper level a are
the vibrational states the ground state X1Σ+g and the excited state B1Πu of cesium
dimer, respectively. The lower inset shows the zoomed part near the window. A
thin film of metallic cesium is condensed on one side of the cell inside the oven. The
Raman signal generated in the backward direction is collected and analyzed using
the spectrometer. VDF is variable density filter; L is lens and BS is beam splitter.
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3.2 Experiment
Our experimental setup is shown in Figure 3.1. A tunable free-running single-
mode diode laser [Sanyo DL7140-201] was used for spectroscopy of cesium dimers.
While the laser wavelength of the diode laser can be set coarsely by adjusting the
temperature (+0.04 nm/K), fine frequency tuning was performed by varying the
injection current (-0.04 cm−1/mA). The input laser beam was collimated by an as-
pheric lens, and a prism was used to compress the beam size along the horizontal axis
to make it circular. Unfocussed and collimated beam diameter was ∼ 3 mm. The
telescope system was further introduced to expand the beam diameter by a factor
of 2 and a variable density filter (VDF) controlled the intensity of the beam. The
collimated laser beam was focused into the cell using a lens L1 [focal length f = 10
cm] into the cell. A circular thin film of cesium was deposited on the inner surface
of the cell window at a distance of ∼ 3 cm from the lens. The backscattered Raman
signal was collected into a multimode fiber, which conducts the light into a diffrac-
tion spectrometer [Ocean Optics HR2000: spectral resolution 0.065 nm]. Irises were
used to collimate the beams and block diffused scattered radiation due to reflections
from the cell windows and other optics.
The laser wavelength was set resonant to the electronic transition X1Σ+g ↔ B1Πu
of the cesium dimer. The absorption band of the transition X1Σ+g ↔ B1Πu ranges
from 755 nm to 810 nm [50]. In Figure 3.2(a), we have shown one such spectrum
collected in the backward direction. We tuned the pump laser wavelength to the
resonance † by observing the intensity of one of the Raman peaks (796.16 nm). The
maximum value of the intensity corresponds to pump wavelength λp = 779.9010
nm (air) [WA-1500 wave meter from Burleigh]. In Figure 3.3, we have plotted the
†The width of the response of Raman signal against the single photon detuning will be governed
by Doppler broadening.
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Figure 3.2: Raman spectra in the backward direction (arb. units) (a) experimental
and (b) numerical simulation.
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Figure 3.3: Resonance enhancement of the Raman peak at 796.16 nm as a function of
the one-photon detuning. Full width at half maximum value (∼0.3 GHz) is consistent
with the Doppler broadening from the vapor phase. Insert shows the energy levels
of Cesium dimer relevant to our experiment.
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resonance enhancement of the peak (796.16 nm) against the one photon detuning
∆ = ωap − νp, which indicates the high sensitivity of the Raman response to the
pump wavelength. To simulate the spontaneous Raman spectral response, we used
[51]
SRaman(νp, νs) = 2pi
∑
p,s
P (p)|χsp(νp)|2δ(ωsp + νs − νp), (3.1)
where
χsp(νp) =
∑
a
℘sa℘ap
−ωap + νp + iΓ . (3.2)
Here, νp and νs are the pump and the Stokes frequency, respectively. P (p) is the
normalized thermal population distribution given as P (p) = e−Ep/kT/
∑
p e
−Ep/kT .
h¯ωij and ℘ij are the energy difference and the transition dipole moment between the
levels i and j, respectively. We have approximately calculated the Franck-Condon
factors (FCF) by using the exact eigenfunctions of the Morse potential [52]. Γ is
the transverse relaxation rate. Eν = h¯ω(ν + 12) − h¯ωx(ν + 12)2 is the energy of
vibrational level ν, where ω is the vibrational frequency and ωx is the vibrational
anharmonicity [53]. For cesium dimer [27] ground state, X1Σ+g , ωg ∼ 42.20 cm−1
and ωgxg ∼ 0.0819 cm−1 while in the excited state, B1Πu, ωe ∼ 34.33 cm−1 and
ωexe ∼ 0.08 cm−1. Different amplitudes of the FCFs for different transitions between
the vibrational levels of the electronic states X1Σ+g and B1Πu indicate that the dipole
moment for different transition has different magnitude [54], since the square of the
dipole moment is proportional to the FCFs. Consequently, the gains for different
transitions are different. Figure 3.2(b) shows the simulated spectrum in the Stokes
region using Eqn. (3.1), which is an excellent agreement with the experimental data
shown in Figure 3.2(a).
The main result of our work is shown in Figure 3.4 where we have plotted the
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Figure 3.4: Plot of the backscattered intensity (arb. units) of the Raman peak at
796.16 nm vs the pump power for three different choices of the cell temperature in
the presence of the film. Dots illustrate the experimental data and solid lines are
fitting using Eqn. (3.3). The inset shows the transmission of pump laser through
the metal film.
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intensity of Raman peak (796.16 nm) as a function of the pump power for differ-
ent cell temperatures. Here, curves 1, 2, and 3 correspond to the cell temperature
Tc = 513 K, 526 K, and 543 K, respectively. In our experiment, we also moni-
tored the transmission through the metal film before and after the measurements of
laser induced fluorescence (LIF) from cesium vapor. The linear dependence between
transmitted power and input power shown in Figure 3.4 (inset) indicates that under
our experimental conditions, the transmission through the film is independent of the
pump power. As the fluorescence signal depends on the input power which indicates
that the laser light induces desorption of cesium atoms from the metal film. Power
independence of the film transmission can be explained by moderate reduction of the
film, of the order of several monolayers. The efficiency of the desorption increases
with the cell temperature.
To fit our experimental data, we assumed the following fitting function:
I =
∑
n=1
αnP
n, (3.3)
the coefficients αn(n = 1, 2, 3 . . .) contains the information about the number density
of the dimers, differential cross section, geometry of the gain medium, contribution
due to photodesoprtion, etc. In the absence of the film αn = 0 for n ≥ 2. We further
normalize Eqn. (3.3) with respect to the linear contribution (I1 = α1P ), which yields
I
I1
= 1 + β1P + β2P
2 + . . . , (3.4)
where βn = αn+1/α1. Next, we simplify our analysis by considering n = 1 term
only. To account for the background noise, we added I0 in Eqn. (3.3). Generally,
the intensity of the Stokes radiation from a volume of the medium of unit area and
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a length dz is given by [55]
dI = N0(Tc)
dσ
dΩ
ζPdz, (3.5)
where N0(Tc) is the density of the scattering molecules, dσ/dΩ is the differential cross 
section of the spontaneous Raman scattering, ζ is the solid angle in which the 
scattering is observed, and P is the power of the laser radiation. In Table 3.1, we 
present the fitting parameter β1 = α2/α1 and estimated the number density of the 
cesium dimers. The numbers in the parentheses corresponds to the error in the fitting 
parameters. Here, Tc is the cell temperature and N1 is the number density of the 
dimers  when  the  pump  power  is P ∼ 8.5 mW.  In  order  to  estimate  for N1, we  use
N = N0(1 + β1P ). (3.6)
From the estimated values at Tc = 543K and P ∼8.5 mW, the number density 
of the cesium dimers is ∼7 times larger than in the absence of atomic desorption 
from the film. We a lso o bserved e nhancement i n d imer d ensity e ven a t l ower cell 
temperature Tc = 513 K. Let us introduce an effective temperature Te, which is 
equivalent to the cell temperature at which the number density of cesium dimers is 
Ne = N1. Using the vapor pressure formula [44], we estimated for Te and the results are 
shown in Table 3.1. We see that the effective temperature can be as high as ∼ 54 K 
above the cell temperature.
For all the estimates, we have assumed that the spontaneous Raman is the domi-
nant phenomena here. To support the assumption that the nonlinear behavior of the
Raman signal is not due to stimulated Raman scattering (SRS), we estimate the gain
coefficient for SRS under our experimental conditions. For SRS, the Stokes intensity
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Curve Tc(K) β1 N1/N0 Te(K)
1 513 0.1734 (0.009) 2.474 (0.108) 567
2 526 0.2972 (0.016) 3.526 (0.421) 578
3 543 0.6704 (0.025) 6.698 (0.267) 597
Table 3.1: Numerical values of the fitting parameter β1 = α2/α1, the number density
of the cesium dimers at maximum pump power P ∼ 8.5 mW, and the effective cell
temperature Te.
in the backward direction, assuming that pump intensity is not depleted, is given by
[55]
d
dz
Ibs(z) = −gIbs(z)Ip, (3.7)
with the gain coefficient [55]
g =
(
N |℘ap|2|℘as|2νsn0ps
220c
2h¯3∆2Γph
)
. (3.8)
Here, n0ps = %
(0)
pp − %(0)ss is the population inversion and Γph is the decay rate of the
Raman coherence. In the temperature range from 470 K - 540 K, the atomic number
density Na and the molecular number density Nm lies in the range 1015 − 1016 cm−3
and 1013 − 1014 cm−3, respectively. The ratio [44] of Na to Nm is order of 102. In
the experiment, we optically pumped the cesium dimers, the cell temperature Tc ∼
545 K, and molecular density 2 × 1014 cm−3 , with a cw milli-watt laser tuned to
the wavelength λp = 779.90 nm. The diameter of the focused beam at the waist
is d = 4λpf/piD ∼ 34 µm, where the unfocused beam diameter D and the focal
length of the lens f are 0.6 cm and 10 cm, respectively. The depth of the focus is
L = 8λpf
2/piD2 ∼ 0.11 cm. The pump intensity at the waist is Ip ∼ 300W/cm2. The
differential spontaneous cross section was estimated as dσ/dΩ ∼ 3× 1021 cm−2. For
the resonance enhanced Raman, the Doppler broadening ∆D = kpνth ∼ 2 × 109 s−1
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and we assumed the decay rate of Raman coherence Γph ∼ 1 GHz. From Eqn. (3.7)
and the experimental parameters, we obtained g ∼ 1.2× 10−2 W−1cm−1. Hence the
estimate for gIpL ∼ 0.4 clearly indicates that the contribution from SRS can be
safely neglected.
3.3 Conclusion
In this chapter, we used ultralow-power cw diode laser to optically control the
density of cesium dimers through photodesorption from a thin film of cesium in an
uncoated Pyrex cell. To probe the dimer concentration, we collect the spontaneous
Raman signal in the backward direction, which serves the two-fold purpose: (a) the
signal is from the dimers and (b) to demonstrate the idea of remote detection of
chemicals using ultralow-power cw lasers. We observed a nonlinear behavior in the
peak intensity against the pump power contrary to the linear dependence behav-
ior well known from the spontaneous Raman theory. The deviation from the linear
behavior is due to the contribution from the cesium dimers produced through pho-
todesorption from the thin film on the window. Under the experimental conditions,
we estimated that the number density of the dimers increased substantially in the
presence of the film.
The main goal of this work is to make a significant step in the direction of LIAD
technique, which offers a powerful control over atomic/dimer density in coated cells.
An optical control over the vapor density, as shown here, will offer an additional
tool for numerous applications of the alkali-metal vapors, e.g., time and frequency
standards [35], optical metrology [36], testing fundamental principles in optical and
atomic physics [3], as well as to be the most attractive and powerful model systems
of laser-matter interaction.
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4. SURFACE-ENHANCED RAMAN SCATTERING ON
TEMPLATE-EMBEDDED GOLD NANOROD SUBSTRATES∗
4.1 Introduction
Surface-enhanced Raman scattering (SERS) is a powerful tool for obtaining molec-
ular chemical information [5, 6]. Electromagnetic and chemical enhancement mecha-
nisms are responsible for a large signal enhancement [56, 57, 58, 59]. Many different
nanostructures have been fabricated to study the SERS effect, including rough metal-
lic surfaces via chemical etching [60], aggregates of nanoparticles [61], Ag and Au
nanorods and nanowires fabricated by chemical and electrochemical methods [62, 63],
and nanoparticle arrays prepared by nanosphere lithography [64] or electron-beam
lithography [65], among others. However, reproducibility of the largest enhancement
factors remains challenging.
Anodic aluminum oxide (AAO) templates have been widely employed to fabricate
various array structures for SERS applications and have shown good reproducibility.
Recently, Wang et al. used silver nanoparticle arrays as SERS substrates with tunable
interparticle gaps in the sub-10 nm regime by regulating the wall thickness of porous
AAO nanochannels [66]. Genov et al. reported a relationship between the particle
size and the interparticle spacing that affected the SERS enhancement based on the
theoretical studies of two-dimensional (2D) arrays of metal nanoparticles [67]. These
studies have shown that geometric parameters determine the enhancement of local
electromagnetic fields. However, many SERS experiments were performed using the
same excitation wavelength for substrates with different geometric parameters due
∗Reprinted with permission from “Surface-Enhanced Raman scattering on template-embedded
gold nanorod substrates” by Ziyun Di, Isabel Schultz, Zhenhuan Yi, Kai Wang, Dmitri V. Voronine,
Wenhao Wu and Alexei V. Sokolov, 2014. Journal of Modern Optics, vol. 61, pp. 72-76, Copyright
[2014] by Taylor & Francis.
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to the lack of a broadly tunable laser excitation source. Additionally, it was shown
that the excitation wavelength plays an important role in the SERS enhancement
[58, 68]. Here we emphasize that the maximum SERS intensity is achieved when
the localized surface plasmon resonance (LSPR) strongly enhances both the incident
and the scattered intensities, assuming that the electromagnetic (EM) mechanism
mostly contributes to the observed SERS enhancement.
In this chapter, SERS was investigated of rhodamine 6G (R6G) molecules on
template-embedded Au nanorods with diameters up to 200 nm and with a gap size
between the adjacent nanorods of 100 nm. The SERS enhancement factor obtained
was about 106. Such substrates have received little attention previously. We discuss
the origin of SERS with different geometric substrate parameters and use a simplified
model to explain the results.
4.2 Experimental methods
The Au nanorods were fabricated by electrochemical deposition into the pores
of AAO membranes (Whatman Inc.) with a typical pore diameter of 200 nm and
interpore distance of 300 nm, as shown in Figure 4.1(a). Before the electrochemical
deposition, a layer of Au film with thickness of 100 nm was coated on the back of
the membrane, serving as a back electrode. Commercial gold electrolyte solution
(Auruna 5000) was used for electrodeposition. In order to acquire a high filling rate,
a low plating current density with a typical value of 2.2− 2.5mA/cm2 was adopted.
After the pores of the AAO membranes were filled, the back Au layer electrode
was mechanically polished using Al2O3 powders with size of 300 nm. The sample
was subsequently carefully cleaned using acetone, isoproponal, and deionized water.
Figure 4.1(b) shows the top view of Au nanorods embedded in the AAO membrane.
The surface morphology of the AAO templates was measured using a scan-
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Figure 4.1: SEM morphologies of (a) bare AAO template and (b) AAO template-
embedded Au nanorods (the inset is a magnification). (c) Schematic illustration
of AAO-template-embedded Au nanorods. dpore = 200 nm is the diameter of Au
nanorods and dgap = 100 nm is the gap distance between adjacent nanorods.
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ning electron microscope (SEM). SEM images of the AAO template and the AAO
template-embedded Au nanorods are shown in Figures 4.1 (a) and (b), respectively,
indicating that the nanopores are quite uniform. Figure 4.1(c) shows a schematic
illustration of the AAO-template-embedded Au nanorods, where dpore = 200 nm is
the diameter of Au nanorods and dgap = 100 nm is the gap size between the adjacent
nanorods. Rhodamine 6G (R6G) was used as the analyte to test the SERS effect
of this substrate. The SERS substrates were immersed into the R6G solution for 30
min and then washed to remove the excess amount of R6G followed by drying in air,
thus forming a monolayer. R6G on bare AAO templates was used as a reference.
The SERS spectra of R6G were recorded using a confocal Raman microscope with
an electric-cooled CCD detector and 180◦ backscattering detection. The excitation
source was a 532 nm cw laser with 3 mW power at the sample. The exposure time
for all of the spectra was 10 s. All the measurements were carried out at room
temperature.
4.3 Results and discussion
Figure 4.2 shows the Raman spectra of R6G absorbed on the bare AAO template
(red) and on the AAO-template-embedded Au nanorods (black). Background was
subtracted from the spectra. There is a rather weak Raman signal of R6G on the
bare AAO template. However, R6G absorbed on the AAO-template-embedded Au
nanorods shows a remarkable Raman signal enhancement. Compared to the bare
AAO template, R6G adsorbed on the AAO-template-embedded Au nanorod sub-
strate exhibits ∼30-fold enhancement in Raman intensity. The enhancement factor
(EF) was estimated using Eqn. 2.30: EF = [ISERS][Nbulk]/[Ibulk][Nads] [30, 31], where
ISERS and Ibulk are the Raman intensities at a selected vibrational mode in SERS
and in spontaneous bulk Raman spectra, respectively. Nads and Nbulk are the ad-
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Figure 4.2: Raman spectra of R6G adsorbed on bare AAO template (red) and AAO-
template-embedded Au nanorods (black). The spectra are vertically shifted for con-
venience.
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sorbed and bulk numbers of molecules exposed to the optical excitation, respectively;
Nads can be obtained according to [Nads] = NdAlaserAN/σ, where Nd is the number
density of the nanorods, Alaser is the area of the laser beam cross section, AN is the
nanorod footprint area, and σ is the surface area occupied by an adsorbed molecule
(σ = 4 nm2 for R6G [69]). Using this method, an SERS enhancement factor as large
as ∼ 106 was obtained with the diameter of laser focal point ∼ 2 µm SERS substrates
with large Au nanorod diameters have previously received little attention. Here, we
investigate the relationship between the geometry of the SERS substrates and the
SERS performance.
It is known that the AAO template-embedded Au nanorod arrays are good can-
didates for investigating the geometric effects of metallic nanostructures by changing
the pore diameter and the pore distance of the AAO template and then examining
the SERS signals. Many works [58, 61, 66] have been performed to demonstrate
how the EM enhancement depends on the geometry of the system. It is necessary
to achieve maximum EM enhancement of both the incident field and the Raman
scattering. Consequently, one should either prepare the sample to make the LSPR
in the proper location for a fixed laser frequency or set the wavelength to a higher
frequency than the LSPR in a tunable laser system. According to the previous re-
search by McFarland et al. [70], the magnitude of the energy separation between the
excitation profile maximum and the LSPR extinction maximum is roughly half of the
vibrational energy. With this motivation, we numerically investigated the plasmon
resonances of a simplified model of 2D arrays consisting of 21 Au nanospheres with
varying diameter and gap size.
We assumed that the molecules are adsorbed on the top of the Au nanospheres,
according to the discussion in [71]. The nanospheres were homogeneously distributed.
Our numerical results are based on the model described in [72, 73]. Figure 4.3 shows
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Figure 4.3: Electric field intensity distribution between adjacent Au spheres with
200 nm diameter and 80 nm gap size. The excitation wavelength is 532 nm. Arrow
indicates the polarization of incident electric field.
the electromagnetic field intensity distribution in the area between the adjacent gold
nanospheres with a diameter d = 200 nm and a gap size between the adjacent
spheres dgap = 80 nm. The field intensity reaches a maximum near the surface of the
spheres. The excitation wavelength is 532 nm and the electric field is incident normal
to the inter-sphere axis. We also performed simulations using randomly displaced
(inhomogeneously distributed) nanospheres with an average displacement of ∼ 5 nm.
The results were similar to the ordered array in Figure 4.3.
Next we investigated the dependence of the plasmon resonance on the geometry
of the SERS substrate. Figure 4.4(a) shows the scattering cross section (SCS) for
illumination normal to the sample plane with the electric field polarization parallel
to the axis joining the nanosphere centers (same as in Figure 4.3). The simulations
were carried out for the same gap size dgap = 10 nm but with different nanosphere
diameters d. Figure 4.4(a) shows the plasmon resonance position as a function of
d. When the diameter increases from 20 nm to 100 nm, a typical red shift of the
resonance is observed. Note that the resonance lies in the vicinity of the laser wave-
length. However, in the practical SERS substrate fabrication, the gap distance varies
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with the change of the diameter of the nanorods due to the constraints of the AAO
template-assisted fabrication method. Increase of the nanorod diameter is usually
accompanied by the increase of the gap distance.
Finally we consider the geometry of the nanosphere arrays matching the experi-
mental parameters. Figure 4.4(b) shows the SCS for different substrate parameters.
A similar red-shift behavior of the resonance wavelength is also observed for increas-
ing the sphere diameter while keeping the ratio d/dgap the same. This observation
agrees well with the reflectance spectra of the samples in [71] in which the broadband
extinction features were related to the LSPR. It is well known that both LSPR and
the Raman excitation wavelength play an important role for the SERS performance.
Our results indicate that the excitation wavelength dependence of the SERS perfor-
mance is more complicated in the visible regime [67] than in the longer wavelength
excitation regime which is consistent with the experimental observation of reference
[74] in which the geometry dependence of SERS performance is more pronounced
for 785 nm than for 514.5 nm excitation. These design principles may be helpful as
a guiding tool for the SERS substrate optimization and for other surface-enhanced
nonlinear optical spectroscopies such as time-resolved coherent Raman scattering
[75].
4.4 Conclusion
In summary, a simple method of AAO template-assisted nanofabrication was used
to fabricate 2D arrays of gold nanorods as SERS substrates. SERS spectra of R6G
were measured and ∼ 106 enhancement factors were obtained. The origin of the
SERS signal enhancement was investigated by numerical simulations of 2D arrays
of Au nanospheres with different diameters and gap size. The simplified model is
able to explain the major features of the experiments. This approach may be further
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Figure 4.4: Scattering cross sections for Au nanosphere arrays with (a) different
diameters d and the same gap size dgap = 10 nm, and (b) different diameters d and
gap size dgap while keeping the ratio of these two parameters the same.
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extended to optimize the SERS substrate design.
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5. PULSED COOPERATIVE BACKWARD EMISSIONS FROM
NON-DEGENERATE ATOMIC TRANSITIONS IN SODIUM∗
5.1 Introduction
Species-specific remote sensing/spectroscopy in the sky has been a profound chal-
lenge in modern applied physics. The conventional atmospheric light detection and
ranging (LIDAR) techniques [10, 11] have essential tools for detecting traces of air
impurity at long distances. A tremendous amount of research has been devoted to
upgrading conventional LIDAR techniques. Among them, the femtosecond-LIDAR,
based on commercially available high intensity femtosecond (fs) lasers, has been
demonstrated [76]. A fs filament formation [77] in air enables propagation of fs
pulses for distances of tens of kilometers in scale. In any case, LIDAR techniques
rely on incoherent light-scattering processes which are the fundamental limitation
for LIDAR’s performance. Therefore, an emerging new technology is inevitable.
Recently, coherent standoff spectroscopic (SOS) techniques have been proposed
[12, 13]. In particular, one SOS technique [12] is intended to maintain a backward
swept-gain for the successive two-photon induced superradiance (SR) [14, 15] / su-
perfluorescence (SF) [16, 17] emissions. In general, in SF or SR, a macroscopic dipole
moment of the medium builds up from initially incoherently or coherently excited
atomic states. As an extension of the usual SF for two-level atoms, two-photon ab-
sorption laser-induced backward SF has recently been observed in cesium [21] and
rubidium (Rb) [78, 79]. Coherent temporal control of backward SF in Rb vapor
∗Reprinted with permission from “Pulsed cooperative backward emissions from non-degenerate
atomic transitions in sodium” by Jonathan V Thompson, Charles W Ballmann, Han Cai, Zhenhuan
Yi, Yuri V Rostovtsev, Alexei V Sokolov, Phillip Hemmer, Aleksei M Zheltikov, Gombojav O
Ariunbold and Marlan O Scully, 2014. New Journal of Physics 16 103017, Copyright [2014] by IOP
Publishing Ltd and Deutsche Physikalische Gesellschaft.
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has been studied as an improvement over conventional standoff sensing [79], and
highgain, directional backward superfluorescence emissions have been observed in
air [18, 19]. The backward emissions interpreted as coherence-brightened laser-like
[34] (via the presence of atomic coherence) and laser-like [18] (via the absence of
atomic coherence) are produced from two-photon excited oxygen atoms as a result
of the two-photon photolysis of oxygen molecules in ambient air. Numerical simula-
tions [34] in terms of cooperative phenomena (SF, SR, etc) have been performed to
elucidate the observed experimental results in [19].
In this chapter, we study the backward superfluorescent emissions (BSFEs) from
two-photon excited sodium (Na) atomic vapor. There are many advantages to work-
ing specifically with Na atoms. This two-photon excitation mechanism of Na is
similar to that in Ref. [18, 19]. However, any relaxations (collisions, dephasings,
spontaneous emissions, etc), photolysis, or ionizations are discarded for dense Na
vapor. This is because superfluorescent emissions occur for short timescales before
other relaxation processes have any effect. It is also clean, in the sense that it in-
volves the ground (3S1/2) and the lowest possible two-photon excited (4S1/2) states.
Since the closely spaced Na D-lines are involved, one should expect double BSFEs
that are in the infrared range (around 1140 nm). Conventional spectrometers and
ultrafast streak cameras have adequate quantum efficiency in this wavelength range.
This is not the case in the Rb atomic system, where the center wavelength of the
BSFE is about 5 µm [79]. Moreover, the present research is of great interest from the
viewpoint of standoff sensing with SF. The last, but not least, consideration that we
mention here is the existence of an atomic layer of Na in the mesosphere. An exten-
sive research effort has recently been dedicated to the practical implementations of
an artificial Na laser guide star (LGS) for ground-based telescopes that can improve
images distorted due to the atmospheric layer by using adaptive optical techniques
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Figure 5.1: (a) Experimental setup: Amp. FS laser system (a femtosecond amplified
laser system); OPA (optical parametric amplifier); BS (beamsplitter); L1,2 (lenses);
SC (streak camera) and Na HPO (Na heat pipe oven at 450 ◦C). (b) The atomic
level scheme.
[80]. The conventional approach for LGS is based on resonance fluorescence with
the Na D2- line (589 nm) [81, 82, 83]. However, there are several fundamental limits
[84], including the saturation effect and the limited number of return photons, to
name two. To overcome the saturation effect, polychromatic LGS has been exten-
sively studied.In spite of some scalability limitations, the present research may have
possible applications in polychromatic LGS technology.
The rest of this paper consists of sections dedicated to the experimental setup,
observed results, discussion of the results, and conclusions.
5.2 Experimental setup
In Figure 5.1(a), the experimental setup is sketched. The experimental setup
consists of a commercial Ti:sapphire amplified laser system (Coherent, Inc.) with an
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optical parametric amplifier (OPA, Coherent, Inc. OPerA-VIS/UV), a homemade
heatpipe oven containing Na metal (Na HPO), two types of fiber spectrometers
(Ocean Optics USB2000+, STellarNet EPP2000-NIR-InGaAs), and a Hamamatsu
(C5680 with a minimum resolution of 2 ps) streak camera. From the OPA we ob-
tained 100 fs long pulses, centered at 776 nm with a 20 nm full width at half maximum
(FWHM) and up to 17 mW average power at a repetition rate of 1 kHz. The beam
size was about 3 mm. A reflective attenuator (not shown in Figure 5.1(a)) was used
to control the power of the input beam to the heatpipe oven. The reference 776
nm input pulse shown in Figure 5.1(a) was used to remove laser jitter and obtain
relative pulse delay with the streak camera. Its temporal width of about 5 ps also
determines the camera resolution obtained in the experiment. Either a 40 or 50 cm
focal-length lens was used to focus the input beam into the middle of the heatpipe
oven. The properties of the BSFE were qualitatively reproducible for both cases.
Therefore, in the following, only the results from the 40 cm lens configuration are
presented. Fifteen grams of Na were loaded into the center of the pipe at the time
of construction [85, 86]. The heatpipe oven has an inner diameter of 2.5 cm, a total
length of 61 cm, and tilted windows to avoid reflections. The heated region is about
15 cm long with a density of 1.7× 1016 atoms per cm3 at 450 ◦C and 15 Torr Argon
(buffer gas) pressure. A 1 mm microscope glass slide was used as a beam splitter for
detection of the backward emissions.
The Na atomic level scheme and two-photon excitation mechanism are shown in
Figure 5.1(b). The input 776 nm ultrashort pulses excite the Na atoms via a two-
photon process resonant to the 3S1/2 − 4S1/2 transition. The macroscopic atomic
dipole moment can eventually build up to initiate the backward and forward SF
emissions at 1140 and 1138 nm (on the 4S1/2 − 3P3/2 and 4S1/2 − 3P1/2 transitions,
respectively) as well as the forward SF emissions at 589.0 and 589.6 nm (on the
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3P3/2− 3S1/2 and 3P1/2− 3S1/2 transitions, respectively). The forward SF emissions
occur simultaneously, and are also referred to as yoked-SF [21]. The generated BSFEs
at 1140 and 1138 nm were filtered to eliminate a residual of the 776 nm light by
an 830 nm long-pass filter (Semrock, EdgeBasic BLP01-830R-25). To measure the
generated forward signals, the microscope glass slides were also used (not shown in
Figure 5.1(a)).
5.3 Observed results
The backward emissions are measured both by spectrometer and streak camera.
A simple measurement of the backward emission yields an estimate of the divergence
angle to be no larger than 17.5 mrad. The spectra of the backward emitted light
were collected by the spectrometer and averaged over 20 samples for different input
power.
The normalized spectra are plotted in two different ways in Figure 5.2. Note here
that the resolution of the spectrometer (∼ 0.7 nm) is not sufficient to clearly separate
the 1140 nm and 1138 nm emission peaks. The edges at the spectral FWHM are
plotted by white solid curves. As we see in Figure 5.2, the normalized spectra become
broader to the blue-side as power increases. This is because of an increased portion
of the 1138 nm spectral component in addition to 1140 nm in the actual measured
spectra.
The integrated intensity of the backward spectra is plotted as a function of input
power as blue circles in Figure 5.3. The nonlinear power dependence of the integrated
intensity on input power is demonstrated. Backward emitted light was also focused
into the streak camera with a 10 cm lens. Two hundred samples were taken by
streak camera for each power setting. Some averaged temporal profiles (filled green
curves) of the BSFEs for different input powers are also shown normalized in log-
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Figure 5.2: The spectra of BSFEs as functions of input power where the three di-
mensional figure in the bottom was interpolated from experimental data.
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Figure 5.3: Experimentally observed data. The averaged temporal pulse shapes (in
log-scale and normalized), relative average time delay, and integrated intensity of the
backward emitted light as functions of input power are depicted by the filled green
curves, red squares and black triangles, and blue circles, respectively.
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scale in Figure 5.3. For low-input power (below 3 mW), only the 1140 nm SF was
measured. In this case, the average delay and integrated intensity are fitted with
∼ P−1 and ∼ P 2, respectively, where P is the input power. Note that since the
threshold power is too small, it is not included here. This type of pure/single SF has
already been studied in the literature [21, 78, 79]. However, for input power above
3 mW, picosecond time-resolved double SF pulses were recorded. We identify the
second, delayed pulse as a 1138 nm SF pulse, as seen in Figure 5.2. We obtained the
average delay of the SF pulses with respect to the incident pump laser (reference)
pulse and its dependence on the input laser intensity. The average time-delay of the
1140 nm and 1138 nm SF pulses relative to the reference input pulse are plotted as
functions of input power, shown as black triangles and red squares, respectively, in
Figure 5.3. Additionally, the forward SF pulses on the upper and lower transitions
were also measured for different input powers. The ratio between the forward and
backward SF (at about 1140 nm) pulse energies on the upper transitions was about
30. The conversion efficiency of the input 776 nm into the backward emission was
0.0035 %.
5.4 Discussion
A cooperative emission in two nonidentical atoms has been theoretically studied
in reference [87]. Similarly, cooperative emissions from nondegenerate atomic tran-
sitions are sophisticated, and rigorous experimental and theoretical tests are beyond
the framework of the present work. Clearly, a simultaneous observation of the double
SF pulses in atomic vapor is intriguing in its own right. To understand the observed
data, we estimate the following. For the sake of simplicity, half of the excited atoms
independently emit 1140 nm SF pulses, and the other half emit 1138 nm SF pulses.
An SF scaling parameter, τR ∼ Tspon/N , and an initial (tipping) angle are the only
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parameters necessary to fully determine the whole SF process [17], where Tspon and
N are the spontaneous lifetime and number of excited atoms, respectively.
We observe that the spontaneous lifetime, Tspon, for the 4S1/2 − 3P3/2 transition
(56.8 ns) is two times faster than that for the 4S1/2 − 3P1/2 transition (113.6 ns).
Consequently, the 1138 nm SF pulse is delayed by two times more than the 1140 nm
SF pulse. From this simple statement, one can find an offset between the relative
and absolute time-delay for each power. This is a complicated task to determine
experimentally. Our analysis is for the unshaded region in Figure 5.3, (i.e., the
interval between 3 to 7 mW input power). The offset corrected data for this region
are shown in Figure 5.4, where the offset was about 17 ps and depended very little
on input power. The data were fitted with power laws. As a result, the SF delay
is approximately proportional to the inverse of the input power. Note that for two-
photon excitation, the number of excited atoms is proportional to the square of the
input power. Therefore, this is quantitative evidence that each of the backward 1140
nm and 1138 nm emissions is independently governed by the laws of oscillatory SF
phenomena. Similar (single, but not double) oscillatory SF in Rb vapor was reported
in our earlier work [88].
Naively, one would expect that starting from the same excited level, 4S1/2, to
two states, 3P1/2 and 3P3/2, the SF would go via the channel with larger coupling
to electromagnetic radiation, similar to mode competition in laser physics [26]. In
Figure 5.3, we actually observe two SF pulses. Their relative intensities depend on the
level of pump intensity, but the delay times for both SF pulses are different by a factor
of 2. This is related to the different electric dipole moments for these transitions
because the delay time is inversely proportional to the spontaneous emission rate, γ.
For these two transitions, the spontaneous lifetime and cooperative frequencies differ
by this same factor of 2. Indeed, the SF pulse (Rabi frequency) starts as ΩSF ∝
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Figure 5.4: Absolute average time delay of the BSFE with the measurement-related
offset removed. The time delay of the 1140 nm BSFE is multiplied by a factor of two
to show its relationship with the 1138 nm time delay. The data points are fitted by
a power law.
√
Dγ/tI1(2
√
2Dγt), and the delay time, tdelay ' 1/(Dγ), where D = 3λ2Nz/(8pi),
I1, t, z, and λ are the linear optical density, first-order Bessel function, time, pulse
propagation distance, and SF center wavelength, respectively. Because the delays
of the SF pulses are different by a factor 2 (the ratio of the spontaneous emission
rates), they do not overlap in space, and the coherence between the 3P1/2 and 3P3/2
states does not play any role.
Based on the simplified theoretical estimations, we find the total number of ex-
cited atoms, N , to be 1010 and the τR for the 1140 nm SF pulse to be τR ≈ 20 ps at
an input power of 2 mW. As expected, the two sets of time-delay data for the 1140
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Figure 5.5: Root-mean-square fluctuations
(√
〈(∆τi)2〉
)
in time delay of the 1138
nm SF pulses as a function of input power. (b) The ratio of the fluctuations and
average time delay
(√
〈(∆τi)2〉/〈τi〉
)
versus input power.
nm and 1138 nm SF pulses coincide by a factor of two, as shown in Figure 5.4. Due
to a high gain factor used when recording data with the streak camera, the temporal
shape of the 1140 nm pulse might be distorted compared to the 1138 nm pulse. We
obtained the width of the 1138 nm SF pulse for different input powers and compared
it to the average time delay. The 1138 nm pulse width is inversely proportional to
input power.
We also attained the time delay fluctuations for each backward SF pulse sepa-
rately via the formula
√
〈(∆τi)2〉 =
√〈τ 2i 〉 − 〈τi〉2, where τi is the time delay of a
single BSFE relative to the laser reference pulse, as captured by the streak camera.
Additionally, histograms for the statistical distribution as in reference [89] were con-
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structed. The fluctuation of the 1138 nm SF as a function of input power is shown
in Figure 5.5(a). The time-delay fluctuations decrease as input power increases. The
quantum fluctuations in alkali vapor were measured in references [90, 89]. The fluc-
tuations of the difference between the two pulses were also obtained and shown in
Figure 5.5. This difference removes the non-reproducible extrinsic fluctuations (e.g.,
the laser pulse shot to shot noise). The power dependence of the ratio between the
fluctuations and average time delay is shown in Figure 5.5(b). It is interesting to
point out that this ratio for the 1138 nm SF pulses clearly demonstrates an inverse
dependence on input power, as is expected. A quantum theory predicts this ratio for
SF from N two-level atoms to be proportional to 1/ ln(N) [91].
The present study of backward emissions from Na is important for LGS tech-
nology. Although several worldwide large telescopes already operate with LGS, the
number of return photons is fundamentally limited [81]. To overcome these specific
limitations, so-called polychromatic LGS has emerged [82]. The concept of poly-
chromatic LGS is to utilize either single-photon (at 330 nm [83]) or nondegenerate
two-photon (at 569 and 589 nm [84] or at 1140 and 589 nm [81]) excitations of Na
atoms and detect cascade fluorescence at different wavelengths, including 589 nm. In
particular, the pulsed bichromatic LGS scheme proposed in Ref. [81] uses nondegen-
erate two-photon excitation, whereas a resonant degenerate two-photon excitation is
used in the present work. In Ref. [81] they estimated that for their bichromatic LGS
scheme, about 50 photons (25 times above the detection limit) can be collected in a
solid angle of ∼ 10−9 steradian (sr) from the 4pi sr-radiated fluorescence from ∼ 1012
excited atoms in the sodium layer of the mesosphere. The tendency of directionality
of BSFE increases the number of return photons in the same solid angle (10−9 sr).
A simple estimation has been given in our previous work [79], where it is estimated
that a 100 J laser pulse directed into the mesosphere would return a photon flux of
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108 per second, per square centimeter. We estimate there to be hundreds of return
photons.
5.5 Conclusion
In conclusion, we observed backward cooperative emissions from nonidentical
Na atomic species. Temporally well-separated, nondegenerate double superfluores-
cence pulses were measured. The average time delay and its fluctuations of the
measured superfluorescence pulses are determined with minimum possible systemat-
ic/experimental errors.
The present excitation scheme, which could be applied as a type of polychromat-
ic laser guide star, has several advantages over conventional, monochromatic laser
guide star. For instance, the fundamental problems of saturation (less than 50% of
the atomic population can be transferred to the excited state via one-photon pro-
cesses) and differential tilt (refraction due to the atmosphere) can be solved using
the present two-photon excitation scheme with or without involving cooperative phe-
nomena where nearly 100% population excitation can be achieved; differential tilt
can be corrected with a polychromatic (double superfluorescence pulses) return sig-
nal. Although only about four sodium atoms per mm3 exist in the mesosphere, a
10 km-thick layer could still validate cooperative effects via e.g., gain sweeping and
provide for a better collimation in the backward direction, thus increasing the num-
ber of return photons. A rigorous numerical simulation for both fluorescence (the
same as in reference [81]) and superfluorescence (together with an implementation
of the backward swept-gain technique [12]) from the Na layer utilizing the present
two-photon excitation mechanism will be given elsewhere.
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6. OBSERVING THE TRANSITION FROM YOKED SUPERFLUORESCENCE
TO SUPERRADIANCE∗
6.1 Introduction
Superradiant light sources have recently been investigated as “sky lasers” for at-
mospheric remote sensing applications [12, 13, 92, 93]. The efficiency of state-of-
the-art backward lasers should be increased to enable many promising applications
[18, 19]. Laboratory-scale simple schemes can be used to mimic more complicated
atmospheric experiments and to help understanding the basic physics. Furthermore,
the possibility to generate superrandiant UV and X-ray sources may lead to various
biomedical applications [94, 95].
In his seminal work, Dicke predicted enhancement of the spontaneous emission
rate from a system of coherently excited atoms confined to a region with dimensions
smaller than the wavelength [14]. This effect is known as Dicke superradiance (SR)
[96, 97]. Collective spontaneous emission from extended atomic samples was later
studied by Eberly and Rehler [15]. The first experimental demonstration of the
cooperative emission effect was performed by Skribanowitz et. al. using optically
pumped HF gas [98]. MacGillivray and Feld provided a theoretical explanation of
how an initially inverted two-level system evolves into a superradiant state [17, 99].
When the macroscopic dipole develops spontaneously in a system of incoherently
excited atoms, the resulting cooperative emission is called superfluorescence (SF)
[16, 100]. SF also produces a short pulse similar to SR but with a characteristic
time delay due to the time needed to generate the coherence. Recent experimental
∗Reprinted with permission from “Observing the transition from yoked superfluorescence to
superradiance” by Zhenhuan Yi, Pankaj K. Jha, Luqi Yuan, Dmitri V. Voronine, Gombojav O.
Ariunbold, Alexander M. Sinyukov, Ziyun Di, Vladmir A. Sautenkov, Yuri V. Rostovtsev, and
Alexei V. Sokolov, 2015. Optics Communications 351 (0), 45-49, Copyright [2015] by Elsevier B.V.
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demonstrations of new SF sources were realized in atomic [101] and semiconductor
systems [102]. In a three-level cascade scheme (Fig. 6.1), the radiation from the lower
transition (a → b) is generated by the coupling between the two-photon pumping
(b→ c) and the SF between levels c and a. Thus the name yoked superfluorescence
(YSF) is used to indicate the coupling of the two simultaneous radiation fields [21].
This phenomenon has been studied both theoretically [103, 104] and experimentally
[21, 88, 79, 105, 106]. Picosecond time-resolved studies of SR [107, 108] and SF [109]
were explored recently. Also the transitions between various regimes of cooperative
emission based on the system parameters, such as the temperature or collisional
dephasing, were investigated [34, 110, 111]. It is interesting to compare SR and YSF
between the same atomic levels and to obtain laser control parameters to optimize
intensity and pulse shape of the cooperative emission.
In this chapter, we investigate the generation of the 420 nm radiation from an
atomic vapor of 87Rb. The atoms are excited by two photons from the 5S to 9S
states by using ultrashort laser pulses centered at 656 nm (Fig. 6.1). We consider
two scenarios. First, in the pure YSF, the pump pulse generates coherence between
the 5S and 9S states and transfers population to the upper level, leading to popula-
tion inversion and SF on the transition between the levels 9S and 6P . The coupling
between the SF and the coherence generates 420 nm YSF radiation on the lower
transition between 6P and 5S in the forward direction with respect to the pump
pulse. The second scenario is a three-photon-induced SR process. We drive the
9S ↔ 6P transition by ultrashort laser pulses centered at 1491 nm and temporally
overlapped with the pump pulse. We compare the 420 nm signals with and with-
out the drive field. Numerical simulations using master equations are in a good
qualitative agreement with the experimental results.
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Figure 6.1: Simplified energy level diagram of 87Rb. Ω’s are the Rabi frequencies of
corresponding fields.
6.2 Experimental procedure
The experimental setup is shown in Fig. 7.1. The 656 and 1491 nm, 60 fs laser
pulses were collinearly focused into a thin 1.9 mm-long rubidium vapor cell. The cell
is made of sapphire which allows high temperature operation and has a cylindrical
shape with total length of 5.3 mm, two 1.7 mm-thick windows and a diameter of
1 inch. The generated signal was analyzed using a spectrometer and a picosecond
streak camera. The 656 nm (pump) and 1491 nm (drive) laser pulses were generated
from two optical parametric amplifiers (OPAs, Coherent) pumped by 800 nm, 30
fs laser pulses from a Ti:Sapphire femtosecond laser system (Coherent) with 1 kHz
repetition rate. Both pulses were linearly polarized, with the same polarization. The
pulse energy of each beam was controlled by a continuous variable neutral density
filter. The drive beam was sent through a pair of 90-degree cornered mirrors mounted
on a digitally controlled translation stage (Newport) to precisely adjust the time
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Figure 6.2: Experimental setup for observing the transition from YSF to SR. The
pump and drive laser pulses are collinearly combined and focused onto the Rb cell.
FM is a flip mirror; BPF is a band-pass filter centered at 420 nm with FWHM of 10
nm.
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delay between the pump and drive pulses. Both beams were collinearly combined by
a pellicle beamsplitter (PB) and were focused by a 200 mm focal length lens into the
Rb cell. The number density of 87Rb atoms was estimated to be 1.3 × 1015 cm−3.
The transmitted 656 nm beam after the PB was used as a reference for the streak
camera. This beam and the generated signal from the cell were focused onto the
entrance slit of the streak camera by a lens with focal length of 5 cm. The time
resolution was optimized to ∼ 2 ps.
6.3 Simulation
To get an insight into the temporal behavior of the SR signals in the experiment,
a detailed numerical simulation was performed. The pump field (Ωp) is two-photon
resonant with the transition between the levels b and c (See Figure 6.1). The drive
field (Ωd) is resonant with the upper transition between the levels c and a. The pump
and drive fields are fully coherent laser pulses generated from OPAs as described in
section 6.2. They were modeled as Gaussian functions in eqs. (2)-(6). The coherent
drive field generates coherence between levels c and a which leads to cooperative
emissions. The emitted field (Ω) is generated at the lower transition through the
field propagation equation
∂Ω
∂z
+
1
c
∂Ω
∂t
= iηρab, (6.1)
with the coupling constant η = 3
8pi
Nλ2γ, where the atomic number density is N ∼
1015 cm−3, the wavelength of this transition λ = 420 nm, and the spontaneous
emission rate γ ∼ 6 µs−1. The density matrix was calculated using the master
equation [3]. The detailed simulation procedure can be found in reference [34]. Briefly
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we used the following equations,
ρ˙ca = −Γcaρca − iΩd(ρcc − ρaa)− iΩ∗ρcb, (6.2)
ρ˙ab = −Γabρab − iΩ(ρaa − ρbb) + iΩ∗dρcb, (6.3)
ρ˙cb = −Γcbρcb − i
Ω2p
∆
(ρcc − ρbb) + iΩdρab − iΩρca, (6.4)
ρ˙cc = −γcaρcc +
(
iΩdρac + i
Ω2p
∆
ρbc + c.c.
)
, (6.5)
ρ˙aa = γcaρcc − γabρaa + (−iΩdρac + iΩρba + c.c.) , (6.6)
ρaa + ρbb + ρcc = 1. (6.7)
where Ω’s are the Rabi frequencies of corresponding fields; ρ’s are components of
density matrix; Γij is the decoherence rate between level i and level j, γij is the
spontaneous decay rate from level i to level j, and ∆ is the single photon detuning
between the pump field and the nearest intermediate state, which is state 5P in this
case.
The pump and drive pulses were focused into a 1.9-mm-long pencil-like active
medium with the cross-sectional area of 10−9 m2. The pump field generates coherence
ρcb and transfers part of the population into the level c. If there is no drive field, then
the population inversion will induce the SF on the upper transition. The coupling
between this SF and the coherence ρcb results in the emission on the lower transition.
When we apply a strong drive field on the upper transition, it will dominate over the
weak SF field and will couple with the coherence ρcb to generate a stronger signal
field on the lower transition.
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Figure 6.3: (a) Cooperative emission spectra on the 6P → 5S transition with 0.9
mW (solid red) and without (dashed black) drive. (b) Pump energy dependence
of the 420 nm emission peak without drive (black squares) and with 0.9 mW (red
circles) and 2.0 mW (green triangles) drive. The solid lines are parabolic fits.
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6.4 Results
The spectra of the SR (solid red) and YSF (dashed black) are shown in Figure
6.3(a). They were obtained with 0.9 mW average power and without drive, respec-
tively. The broadband background was cut off by the bandpass filter. Both spectra
show a peak at 420 nm. The SR intensity is an order of magnitude stronger than
that of YSF.
Pump energy dependence was measured for no drive (black squares) and for two
drive powers: 0.9 mW (red circles) and 2.0 mW (green triangles), as shown in Figure
6.3(b). Solid lines are parabolic fits of the data, indicating a two-photon nature of
the pumping process for the SR signals. This can be seen from Eqs. (6.1), (6.3) and
(6.4), which show that the signal Rabi frequency (Ω) is proportional to the square
of the pump Rabi frequency (Ωp) in the linear regime: Ω ∝ ρab ∝ Ω∗dρcb ∝ Ω∗dΩ2p.
There was a large increase in the output of the 420 nm signal with the increase of the
drive energy. This can be understood qualitatively as follows. The 420 nm emission
is induced by the coherence on the 6P → 5S transition (ρab), which depends on
the coupling between the coherence on the 9S ↔ 5S transition (ρcb) and the drive
field (Ωd). When the drive power is low, this dependence is linear, so there is more
energy deposited in the 6P → 5S transition for the drive power 0.9 mW compared to
the YSF process (no drive). However, further increase in the drive power brings the
system into a non-linear regime. Therefore, the signal at 420 nm will not increase
as much as it does in the linear regime (See the plot for the 2 mW drive in Figure
6.3(b)). Using these measurements, we estimated a factor of ∼30 increase in the
conversion efficiency of the SR with 2.0 mW drive with respect to YSF at the pump
energy of 2.5 µJ. Similar enhancement in lasing schemes using an external drive
have been reported in other systems [112, 113, 114]. Recent studies of generation
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Figure 6.4: Temporal profiles of the pump pulse (solid green), YSF (solid black)
and three-photon-induced SR (solid red) measured by a streak camera, together
with simulated SR (dashed blue) and fitted YSF (solid magenta).The inset shows a
zoom-in region containing the weak SR oscillation.
of directional coherent emission in Rb vapor using continuous-wave lasers achieved
higher efficiency [115, 116]. The difference of those studies from our work is the four
wave mixing (FWM) origin of the 420 nm emission versus the SR-enhanced nature
of the radiation. The similarity is that the interplay between the population and
coherence leads to radiation enhancement. This indicates the possibility of extending
these techniques to a broader range of energy level schemes and to different atomic
systems for mirrorless generation of coherent radiation.
The temporal behavior of the SR and YSF signals is shown in Figure 6.4. The
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experimental curves are averaged over the data collected by the streak camera. One
unit of the intensity (Y-axis), based on our estimation, correspond to ∼ 1.2 Watt in
power. The pump pulse (solid green) is reference for time zero, and is normalized
to the height of SR. The 60-fs pump pulse generates a 2.4 ps signal on the streak
camera due to its convolution with the instrument response function. The drive pulse
arrives at the same time with the pump. A time delay of ∼ 17.5 ps for the YSF
signal is observed. This is necessary to build up enough coherence to generate the SF
at the 9S → 6P transition. The YSF pulse has a duration of ∼ 9 ps. Introduction
of the 2.0 mW drive field leads to the SR pulse bursts without delay, and with a
shorter pulse width. This is because the drive pulse arrives at the same time with
the pump and is strong enough to induce the coherence between 9S and 6P states
instantaneously, so that the cloud of atoms emits the SR without delay.
The simulated SR pulse (dashed blue) is also shown in Figure 6.4. The simulation
gives a good qualitative description of the experiment. The quantitative comparison
is, however, beyond this level of theory. Therefore the maximum of the simulated
SR curve was fit to the maximum of the experimental SR signal. The pulse shape
consists of a strong peak followed by a weaker oscillation and corresponds to the ex-
perimental SR pulse shape (solid red). The weak oscillation appears as a minor bump.
However, it is a significant feature of the cooperative emission which is present both
in the experiment and simulation. The inset in Figure 6.4 shows a zoom-in region
containing the weak oscillation. Similar oscillating (ringing) behavior has recently
been observed and simulated in coherence-brightened oxygen laser studies [19, 34].
The nature of such oscillations indicates that the coherence plays an important role.
Because the relaxation times here are much longer than the time-window of interest
(∼ 100 ps). Oscillating behavior has also been observed in other Rb experiment
[108]. However, long optical path of the cell used in this experiment modulated the
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pulse shape. Here we used a thin cell with a short optical path. Therefore, the pulse
propagation effects in SR can be neglected and oscillations due to collective emis-
sion are more clearly observed. However, the physics of the YSF process is different
and the pulse propagation effects cannot be neglected because the upper transition
collective damping time much smaller than the signal propagation time. The ∼ 0.2
THz oscillation in the YSF signal can be attributed to propagation effects.
We fit the YSF data with a exponential decay model which takes into account
the convolution with the resolution streak camera response function:
P (t) =
∫ ∞
t0
Ae−
τ−t0
τ
−2 (t−τ)2
w2 dτ + A0, (6.8)
where A and A0 are the signal peak power and background, respectively, t0 is the
delay and τ is the decay time. w=2.4 ps is the the streak camera resolution. The
fitting gives t0 = 17.5 ps and τ = 8.6 ps. To compare these results with theoretical
predictions, we recall the collective damping time [117] which is related to the width
of the YSF signal is
τr =
8pi
3
T1
nλ2L
, (6.9)
where T1 is the spontaneous lifetime, λ is the wavelength, L is the length of the
excited atomic emsenble, and n is the excited atom density. The delay time [118] is
giving by
τD = τr[
1
4
ln(2piN)]2, (6.10)
where N = nAL is the total number of excited atoms in the gain volume, A is
the cross-section area of the medium. The decay time of YSF is determined by
T1 of the lower transition a → b while the delay time is determined by T1 of the
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upper transition c → a, which can be estimated it using Weisskopf-Wigner theory
[3]. These equations predict the signal decay time τr ' 9 ps, which agrees our fit
parameters of 8.6 ps, and the delay of τD ' 5 ps which is shorter than our fit of
17.5 ps. The experimental measurements and the theoretical predictions match each
other quantitatively well. The slight difference could be due to uncertainty of the T1
estimations.
6.5 Conclusion
In this chapter, we investigated the SR and YSF emission at 420 nm in 87Rb,
with/without a drive field on the 9S → 6P transition, respectively. We observed the
transition from YSF to SR by varying the power of the drive field and measured an
increase in radiation energy, with ∼30 fold increase in the conversion efficiency. The
temporal profiles of both the YSF and SR were measured and a numerical simulation
of the SR was compared with the experimental results. The theoretical formalism
may be applied to other related experiments such as the coherence-brightened air
laser [19]. Our work combines the investigations of the YSF and SR under comparable
conditions and provides an important step in the research of the cooperative emission
behavior in a dense atomic medium. We expect similar results could be observed in
other alkali vapors.
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7. DUAL PATHWAY QUANTUM BEAT∗
7.1 Introduction
Quantum coherence plays a very important role in many advances in quantum
detection and control technics recently, such as Coherent anti-stokes Raman scat-
tering Spectroscopy (CARS), multidimensional Fourier Transform Spectroscopy and
wave packet control of atoms and molecules [9, 119, 120], in the sense that optical
interference (beating) can reveal the quantum path along which the system evolves,
and enable us to work with it. It has also been demonstrated that by comparing
the shape of the Fourier spectra of measured quantum beat patterns to theoretical
model, number of atoms involving in dipole-dipole interaction can be characterized
in an excited atomic ensemble [121].
Many of these quantum beating experiments [122, 123, 107] were done in a pump-
probe configuration which one pulse was split into two, one as pump and the other
as probe, and the delay between the pump and probe pulses was scanned to get the
beat pattern. At the density of atoms (or molecules) when quantum beating were
observed, the first few or ten picoseconds of the coherent optical signal showed ex-
ponential decay envelopes. This was attributed to superfluorescence (SF) processes,
here we will present experimental data to help clarify the time scale for this process.
In our experiment, we used two beams at different wavelength for pumping and for
probing, which also enable us to see some transition which are weak or negligible in
other experiments [124].
In this chapter, we investigate the quantum beat via the 420 nm and 421 nm
radiation from an atomic vapor of 87Rb (Figure 7.1 B)). The atoms are excited by two
∗“Dual pathway quantum beat” by Zhenhuan Yi, Tuguldur Begzjav, Gombojav O. Ariunbold,
Aleksei M. Zheltikov, Alexei V. Sokolov and Marlan O. Scully, 2016, in preparation.
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photons from the 5S to 9S and 7D levels by ultrashort laser pulses with broadband
spectrum centered at 656 nm. The broadband probe pulse centered at 1491 nm
couples the fine structure levels of 9S, 7D to that of 6P . According to selection rules,
all transitions from 9S and 7D to 6P are allowed except the 7D5/2 → 6P1/2 transition.
And the sum rule [1] tells us that the transition intensity of the three labeled ones
in the figure are a : b : c = 5 : 1 : 9. For sake of simplicity, if we temporally
ignore the transition b, we see that if one scans the delay between pump and probe
pulses, the beat frequency ∆1/2pi can be seen on the 420 nm transition while the
421 nm transition can show the beat frequency of ∆2/2pi . Furthermore, since the
two channels are coupled through levels 9S (and weakly via 7D3/2), multi-photon
processes (Figure 7.1 C)) reveal themselves through beat frequency of ∆2 −∆1. All
these happen in typical SF time scale of ∼ 20 picosecond. In the following part of
this paper, we discuss these aspects in detail.
7.2 Experiment
The experimental setup is shown in Figure 7.1 A). The femtosecond laser pulses
with wavelength centered at 656 and 1491 nm were collinearly focused into a thin
rubidium vapor cell. The cell is made of sapphire which allows high temperature
operation and has a cylindrical shape with total length of 5.3 mm, two 1.7 mm-thick
windows and a diameter of 1 inch, Rb vapor fills the 1.9-mm long space between the
windows. The generated signal was analyzed using a spectrometer (Ocean Optics).
The 656 nm (pump) and 1491 nm (probe) laser pulses were generated from two
optical parametric amplifiers (OPAs, Coherent) pumped by 800 nm, 30 fs laser pulses
from a Ti:Sapphire femtosecond laser system (Coherent) with 1 kHz repetition rate.
Both pulses were linearly polarized, with the same polarization. The pulse energy of
each beam was controlled by a continuous variable neutral density filter. The probe
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Figure 7.1: A) Experimental setup for observing the dual channel quantum beat.
The pump (656 nm) and probe (1491 nm) laser pulses are collinearly combined and
focused onto the Rb cell. Spectra of the input pulses are shown as they are generated
from OPAs. M1-M5 are mirrors. M2 and M3 are set on translation stage. PBS is
Pellicle beamsplitter. BPF is a band-pass filter centered at 420 nm with Full Width
at Half Maximum (FWHM) of 10 nm. B) Simplified energy level diagram of 87Rb.
Broadband pump pulse excites atoms from 5S to 9S and 7D levels; probe pulse
couples 9S and 7D to 6P levels. C) Illustration of fourth order quantum paths
which result in exchanging transition probabilities of two fine structure levels of 6P
and beat pattern’s envelope oscillation as discussed in the text. D) The spectra of
the emission (black and red dots) measured at delay time of 0.5 ps and 5 ps between
pump and probe pulses; Two distinguishable lines (dash lines) at wavelength 420 nm
and 421 nm are fitted to the each set of data. The solid lines are sum of fitted Voigt
profiles.
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beam was sent through a pair of 90-degree cornered mirrors mounted on a digitally
controlled translation stage (Newport) to precisely adjust the time delay between
the pump and probe pulses. Both beams were collinearly combined by a pellicle
beamsplitter (PBS) and were focused by a 200 mm focal length lens into the Rb cell.
The number density of 87Rb atoms was estimated to be 1.3× 1015 cm−3.
7.3 Results
The spectra of the coherent emission in the forward direction are shown in Figure
7.1 D). They were obtained with 2.0 mW average power and with 0.5 mW probe at
different delay time between pump and probe pulses. As we scan the delay, we can
see two peaks changing their intensities, thus we fit each spectrum to double peaks
of Voigt profile. In the fitting, the two peaks share same Gaussian and Lorentzian
widths, the positions and intensities of two peaks plus a constant baseline are in-
dependent parameters. Both spectra show fitted peaks at 420.2 nm and 421.6 nm
which matches the exact values of the transitions [125] within the calibration accura-
cy (0.1 nm) of our spectrometer. The fitted spectra width of the Voigt profiles which
is 1.5 nm, is not limited by the resolution (0.35 nm) of our spectrometer. Similar
spectrum was taken at every step while the translation stage was scanned. To resolve
the beat frequencies we use step size of 2 µm, which is equivalent to 0.0133 ps time
delay; and to see large time scale decay curve, we choose 0.133 ps per step. Typical
data of smaller step size are shown in Figure 7.2 a). These data are fitted to single
exponential decay curve, and on average we get 16.14 ps decay time constant which
is closely match to the delay time of SF signal (17.5 ps) in our previous work [126].
This match between the two time scale is reasonable, because Amplified Spontaneous
Emission (ASE) rise from the population inversion between upper levels (9S and 7D
levels) and intermediate levels (6P , and 8P , 7P , 5P ) after the atoms being pumped.
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If there is enough single pass gain (in another word, enough number of excited atoms
within wavelength), the emission will evolve into SF [34, 111]. Coherence in the
atomic ensemble will build up and after some delay time, a burst of pulse is emitted
from the atoms. There are two time constant associate with SF process: collective
damping time τr governs the SF pulse width, and delay time τD tell how long the
system needs to evolve to emit a pulse. Our data suggests τD is a close measure of
the decay time of the beating pattern. This argument rise even more naturally if
we notice that many quantum beating experiments we mentioned earlier rely on the
detection of the SF or Yoked SF [21] signal.
To extract a clear beat pattern, we performed a Fast Fourier Transform (FFT)
filtering which filters decay and the dc offset components. The typical processed
data is shown in Figure 7.2 b). To find the beat frequency, we fit the data to a
damped sine function of the form A0 +A1e−t/τ0 sin(2pift). For 420 nm signal, we get
an average beat frequency of 6.517 THz and for 421 nm signal, the average is 6.563
THz, with a difference of 46.4± 2.8 GHz between them. In literature, the calculated
fine splitting of 7D of Rb is 45.18 ± 0.3 GHz [125]. If we look closely to the data
points (Figure 7.2 c) and d)) we can see the effect of weak transition b as shown in
the energy diagram (Figure 7.1 B)). The 421 nm transition has only two quantum
path from 9S and 7D, the data (Figure 7.2 c)) fall closely to the fitted curve. But
the 420 nm transition has three upstream quantum paths, even though transition b
is relatively week compares to the other two, it still shows itself in the form which it
make the data point (Figure 7.2 d)) falls off the fitted sine trace.
For the longer scan as shown in Figure 7.2 a), after the the Fourier filter, the beat
pattern shows an overall envelope that has two features: a exponential decay and an
oscillation with frequency of 46 GHz which matches to the fine structure splitting of
7D. Figure 7.3 is the experimental results together with simulations showing both
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Figure 7.2: Experimental data with fitted functions. a) Full scanned data with time
resolution of 0.0133 ps. Solid lines are the measured data and dashed red lines are
corresponding fitted exponential decay curve. The fitted curves give an average decay
time of 16.14 ps. b) Fast Fourier Transform (FFT) filtered 421 nm data (black dots)
fitted to damped sine curve (red line) in 10 ps time scale. The DC offset has been
dropped during data filtering. c) Zoomed in range as shown in the green dashed box.
d) 420 nm data (blue dot and line )and fitted damped sine curve (red line) in same
range time as c).
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Figure 7.3: The envelopes of the beating on 420 nm and 421 nm signal. a) and
b) are experimental data after a FFT high pass filtering to get rid of the DC and
exponential decay components of the original data. c) and d) are simulations for the
corresponding transitions of a) and b).
features. The exponential decay of this envelope is carried from the over all decay
of the signals. The reason for the oscillation worth a little more discussion. Just by
looking at the energy diagram (Figure 7.1), we can see that it is obvious for the signal
of 420 nm to carry a frequency of 46 GHz since both levels of 7D are involved in its
quantum path. But how can the 421 nm signal also carry this frequency? Is it from
the coupling via 9S? To find an answer to this question, we employ the following
theoretical model.
7.4 Theoretical model
Effective atom-field interaction Hamiltonian can be written as [3, 127]
V (t) =− h¯(Ωeff |a〉〈b|+ Ωeffe−i∆1t|c〉〈b|+ Ωeffe−i∆2t|d〉〈b|+ Ωae|a〉〈e|+ Ωafei∆3t|a〉〈f |
+ Ωcee
−i∆1t|c〉〈e|+ Ωdfe−i(∆2−∆3)t|d〉〈f |+ Ωdee−i∆2t|d〉〈e|+ h.c),
(7.1)
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where we assume Gaussian pump pulses such that Ωeff = Ω
(0)
p exp(−t2/α2p) is the
effective Rabi frequency, Ωij = Ω
(0)
ij exp(−(t− τ)2/α2c) is probe pulse Rabi frequency
which couples i and j states. Because the pulse is very short compare to the time
scale of SF, we essentially treat it in the delta function limit in our calculation.
Notations we use for detunings are: ∆1 = 40.99 · 1012 s−1 – the energy difference
between 9S1/2 and 7D5/2, ∆2 = 41.27 ·1012 s−1 – the energy difference between 9S1/2
and 7D3/2 and ∆3 = 14.61 ·1012 s−1 – the energy difference between 6P 3/2 and 6P 1/2.
Our goal is to find the probability of finding atom in the |e〉 and |f〉 states by using
perturbation theory. The second order perturbation theory gives the explanation
of beating of frequencies ∆1/2pi and ∆2/2pi but not the envelope beating in 421
nm signal. Therefore, we use perturbation theory up to fourth order term. The
approximate solution can be written in the following form †
Pe = |e0 + e1ei∆1τ + e2ei∆2τ |2,
Pf = |f0 + f1ei∆1τ + f2ei∆2τ |2,
(7.2)
where ej and fj (j = 0, 1, 2) are constants. e2 and f1 are explicitly written as
e2 = piαpαcΩ
(0)∗
ed Ω
(0)
p + pi
2αpα
3
c
(
Ω(0)∗ea Ω
(0)
ae Ω
(0)∗
ed Ω
(0)
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(0)
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(0)
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+ 3pi2α3pαcΩ
(0)∗
ed Ω
(0)
p Ω
(0)∗
p Ω
(0)
p ,
(7.3)
f1 = pi
2αpα
3
c
(
Ω
(0)∗
fa Ω
(0)
ae Ω
(0)∗
ec Ω
(0)
p + Ω
(0)∗
fd Ω
(0)
de Ω
(0)∗
ec Ω
(0)
p
)
, (7.4)
where we change the indexes order in the complex conjugate of Rabi frequency such
as
(
Ω
(0)
ij
)∗
= Ω
(0)∗
ji . In this notation we can easily understand the terms in the Eqns.
†Details are found in Appendix B.
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Figure 7.4: a) Probabilities of finding atoms on level |e〉 (Pe)and level |f〉 (Pf ) plotted
from analytical expressions keeps up to second order terms. b) Same probabilities
plotted with expressions keeps up to fourth order terms. The envelope modulation
of Pe is effect of multi-photon (>3) interaction between levels |c〉 and |f〉 because
single photon transition is forbidden. c) Probabilities zoomed into 2-ps windows,
curves have been offset to show relative phase shift due to different beat frequencies
of the signals. Parameters used for the plots are: αpΩ
(0)
p = 0.2, αcΩ
(0)
ae = 0.6,
Ω
(0)
af = Ω
(0)
ae /
√
2, Ω(0)ce = 0.2Ω(0)ae , Ω(0)df = Ω
(0)
ce
√
5/9, Ω(0)de = Ω
(0)
ce
√
1/9. The relative
transition dipole moments are estimated by sum rule [1].
(7.3) and (7.4). For example, the term Ω(0)∗ea Ω(0)ae Ω(0)∗ed Ω
(0)
p associated with the fourth
order process as pumping → |d〉 → |e〉 → |a〉 → |e〉.
We plot the probability of finding atoms on level |e〉 (Pe) and level |f〉 (Pf )
with parameters shown in Figure 7.4. Given conditions e1  e2 and f1  f2, one
can verify that probabilities Pe and Pf oscillate at angular frequencies ∆1 and ∆2,
respectively. Therefore, e1 and f2 terms in the Eqn. (7.2) give fast oscillations,
as shown in smaller time windows in Figure 7.4 c). And because the frequencies
are different, we can also see the relative phase of the beat oscillation shifts as the
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delay time increases. The expressions which keeps only up to second order terms is
plotted in Figure 7.4 a), the envelope modulation of Pf is absent; while the plot using
expressions with fourth order terms clearly shows the modulation on Pf and a larger
modulation depth on Pe. We conclude that the e2 and f1 terms in Eqns. (7.3) and
(7.4) cause the envelope modulation shown in the analytical results (Figure 7.4 b) and
the experimental results (Figure 7.3). Furthermore, main reasons for the envelope
oscillation are the fourth order processes coupled through |a〉 state (9S1/2) as well as
other processes in Eqns. (7.3) and (7.4). To see this more clearly, let us set Ω(0)de = 0
because |d〉 → |e〉 transition intensity is 9 times less than that of |c〉 → |e〉 and 5
times less than |d〉 → |f〉 transition intensities. Then, Eqns. (7.3) and (7.4) become
e2 = pi
2αpα
3
cΩ
(0)∗
ea Ω
(0)
af Ω
(0)∗
fd Ω
(0)
p , f1 = pi2αpα3cΩ
(0)∗
fa Ω
(0)
ae Ω
(0)∗
ec Ω
(0)
p which is symmetrically
exchanging excitation probability from |d〉 (|c〉) to |e〉 (|f〉) (See Figure 7.1 D)). This
fourth order process coupled through |a〉 state (9S1/2) is the main reason for envelope
oscillation in 421 nm signal and deeper modulation on 420 nm signal.
7.5 Conclusion
Because the beating data of 421 nm signal is much less disturbed by other quan-
tum pathways, it is potentially a good candidate for the technic described in Ref.
[121] to characterize dipole-dipole interactions. This technic requires a long time
scan (∼ 100 ps) in order to get enough FT spectra resolution. Our experimental
data shows good sign for longer scan range despite the decay of signal. As for weak
atomic excitation, both theoretical [128] and experimental [129] works have shown
that the population on the excited states can survive hundreds of picoseconds.
It is also possible to detect the beat pattern by monitoring the transmission of the
infrared probe [123]. Control of the beat pattern has been studied in our group by
shifting the pump wavelength [107] or adding a control pulse [130]. In our case, shift
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the pump beam central wavelength could possibly tune the amplitudes and initial
phase of the beat pattern.
In summary, we investigated the coherent emission at 420 nm and 421 nm in
87Rb. We observed different quantum beats frequencies on these two emissions when
we scan the delay between pump and probe pulses. The profiles were measured and
a numerical simulation was compared with the experimental results. Our results
suggest the SF delay time is a good measure of the exponential decay of the beating
envelope. With the help of perturbation method, a fourth order (five-photon) process
was identified in presence of the beat envelope of the 421 nm emission.
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8. CONCLUSION
While we can use various tools to increase signal in the laboratory, such as res-
onant Raman scattering and SERS, the strategy to boost standoff detection favors
seeking laser-like directional coherent beam in the backward direction. This kind of
beams has been demonstrated, but the characters and physical mechanism of them
deserve more investigation.
We first showed how we can use resonant Raman scattering to probe the change
of the density of dimer molecules in alkali-metal vapors and further control of the
density via photodesorption process by using an ultralow-power diode-laser radiation.
We also demonstrated an signal enhancement factor of 106 from SERS of rhodamine
6G on template-embedded gold nanorods.
With some help of quantum coherence in an atomic system, a burst of directional
emission can be observed in both forward and backward direction. The collective
phenomena including superradiant emission (superfluorescence/superradiance and
Yoked superfluorescence) offer many challenges and opportunities.
We study backward cooperative emissions from a dense sodium atomic vapor.
The backward SF emissions, both on the 4S1/2− 3P3/2 and 4S1/2− 3P1/2 transitions
decouple from each other due to the large difference in their spontaneous decay rates
which dictate the SF delay time of each transition. This enables us to measure the
absolute (rather than relative) time delay and its fluctuations (free of any possible
external noise).
We also investigate cooperative emission from a rubidium vapor, and demonstrate
a controlled transition from YSF to three-photon-induced SR by driving the medium
with co-propagating ultrashort laser pulses. The SR signal intensity is more than 30
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times of that of YSF. This result gives some insight to strategies to improve efficiency
of mirrorless lasers and SR light sources.
While transition from YSF to SR can be controlled by changing the pulse energy
in the probe pulse, from which the tipping angle can be experimentally determined,
more interesting results are also obtained when the delay between the pump and
probe pulses is scanned. Because of the signal enhancement, quantum beat from
coupled dual pathways can be observed, which turnout to be a useful tool to help us
reveal and understand dipole-dipole interaction and multi-photon (>5) interaction
in the system we study.
Our present works study strategies to enhance optical signals in the lab-based
detection and remote sensing. We hope these works can boost the interest of quantum
coherence effects and cooperative emission in the optical society.
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APPENDIX A
USING PUMP PULSE WAVELENGTH AS CONTROL PARAMETER
We try to analyze the theory part of Ref. [131], to see how to manipulate the
interference by controlling the central wavelength of pump pulses. The perturbation
expansion in the interaction picture is used.
The Hamiltonian is
H = H0 +HI , (A.1)
H0 = h¯ωa|a〉〈a|+ h¯ωb1|b1〉〈b1|+ h¯ωb2|b2〉〈b2|+ h¯ωc|c〉〈c|, (A.2)
HI = (−℘ab1|a〉〈b1| − ℘ab2|a〉〈b2| − ℘b1c|b1〉〈c| − ℘b2c|b2〉〈c|)E(t) +H.C.. (A.3)
where H. C. is Hermite conjugate. So
V (t) = − h¯
2
[Ωab1e
i(ωab1−ν)t|a〉〈b1|+ Ωab2ei(ωab1−ν)t|a〉〈b2|+ Ωb1cei(ωab1−ν)t|b1〉〈c|
+Ωb2ce
i(ωab1−ν)t|b2〉〈c|] +H.C., (A.4)
We will use
UI(t) = 1− i
h¯
∫ t
0
dt1V (t1) +
(
− i
h¯
)2 ∫ t
0
dt1
∫ t1
0
dt2V (t1)V (t2) + · · · ,
(2.28 revisited)
to find ca, and |ca|2 is proportional to the Yoked SF signal shown in blue in Figure
A.1.
Assume that |ψI〉 =
∑
i ci|i〉, and in derivation made following assumptions are
used:
I) SF is much faster than spontaneous decay so only coherent processes are with
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Figure A.1: Energy diagram of a five-level system.
consideration;
II) Instantaneous excitation of atoms, because the pulse is very short and the
form of input is Ωi =
√
Ai [δ(t) + δ(t+ τ)e
iντ ];
III) Initial state is the ground state, that is cc = 1;
IV) A(λ) = e−
(λ−λc)2
∆λ2 , and A1 = A(λ = 780 nm), A2 = A(λ = 795 nm), where λc
is the center wavelength of the ultra-fast pulse;
V) SF determines the decay of |a〉 state, thus a factor of e−
τ2
τ2
SF + const. is need
to describe the decay;
VI) Rotating Wave Approximation;
VII) Resonant coupling, thus A1 couples |c〉 → |b1〉 while A2 couples |c〉 → |b2〉;
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Based on these assumptions, the first integral of Eqn. (2.28) gives
h¯
2
[√
A1
(|a〉〈b1|+ |b1〉〈c|+ e−iωab1τ |a〉〈b1|+ e−iωb1cτ |b1〉〈c|)]
+ h¯
2
[√
A2
(|a〉〈b2|+ |b2〉〈c|+ e−iωab2τ |a〉〈b2|+ e−iωb2cτ |b2〉〈c|)]+H.C., (A.5)
and the second integral (we only collects the terms that has |a〉〈c|) gives
h¯2
4
[
A1
(
1 + e−iωb1cτ + e−iωab1τ + e−iωacτ
)
+ A2
(
1 + e−iωb2cτ + e−iωab2τ + e−iωacτ
)] |a〉〈c|.
(A.6)
So we find that |ca|2 is
|ca|2 = 116
{
A21 (4 + 4 cosωb1cτ + 4 cosωab1τ + 2 cosωacτ + 2 cos ∆1τ)
+ A22 (4 + 4 cosωb2cτ + 4 cosωab2τ + 2 cosωacτ + 2 cos ∆2τ) (A.7)
+ 4A1A2
1 + ∑
i=b1,b2
(cosωaiτ + cosωicτ) + cosωacτ + cos ∆0τ + cos ∆3τ
 },
where ∆0 = ωb1c − ωb2c, ∆1 = ωab1 − ωb1c, ∆2 = ωab2 − ωb2c = ∆1 + 2∆0 and
∆3 = ωab1 − ωb2c = ωab2 − ωb1c = ∆0 + ∆1. When averaged over time scale of 1/∆i,
i = 0, 1, 2, 3 , the signal is proportional to
1
8
(e
− τ2
τ2
SF +C)
[
2A21 + 2A
2
2 + 2A1A2 + A
2
1 cos ∆1τ + A
2
2 cos ∆2τ + 2A1A2 (cos ∆0τ + cos ∆3τ)
]
.
(A.8)
The plot of Eqn. (A.8) with parameters matches the experimental condition is
shown in Figure A.2.
As we can see, controlling the center wavelength of pump pulses in a presence of
intermediate resonant levels indeed can be used as a control parameter effectively.
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Figure A.2: (From left to right) Different beat pattern for center wavelength (λc)
of a) 770, b) 785 and c) 795 nm. Other parameters used are ∆0 = 1, ∆1 = 0.27,
∆λ = 12, τSF = 3 and C = 0.1.
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APPENDIX B
DETAIL CALCULATION FOR DUAL PATH QUANTUM BEAT
Effective atom-field interaction Hamiltonian can be written as [3, 127]
V (t) =− h¯(Ωeff |a〉〈b|+ Ωeffe−i∆1t|c〉〈b|+ Ωeffe−i∆2t|d〉〈b|+ Ωae|a〉〈e|+ Ωafei∆3t|a〉〈f |
+ Ωcee
−i∆1t|c〉〈e|+ Ωdfe−i(∆2−∆3)t|d〉〈f |+ Ωdee−i∆2t|d〉〈e|+H.C),
(B.1)
where we have sequence pulses such that Ωeff is pump laser effective Rabi frequency,
Ωij is probe pulse Rabi frequency which couples i and j states. Detunings are ∆1 –
the energy difference between 9S1/2 and 7D5/2, ∆2 – the energy difference between
9S1/2 and 7D3/2 and ∆3 – the energy difference between 6P 3/2 and 6P 1/2. Our goal is
to find the probability of finding atom in the |e〉 and |f〉 states by using perturbation
theory.
The general solution for SE in the series form is
|ψI(t)〉 = UI |ψI(t = 0)〉, (2.27 revisited)
with
UI(t) = 1− i
h¯
∫ t
0
dt1V (t1) +
(
− i
h¯
)2 ∫ t
0
dt1
∫ t1
0
dt2V (t1)V (t2) + · · · ,
(2.28 revisited)
We calculated this series up to fourth order, because only second and fourth order
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Figure B.1: Simplified energy level diagram of 87Rb. Broadband pump pulse excites
atoms from 5S to 9S and 7D levels; probe pulse couples 9S and 7D to 6P levels.
98
terms give us |e〉 and |f〉 terms. Second order term is
− (3|Ωp|2|b〉+ Ωp(Ω∗ae + Ω∗ceei∆1τ + Ω∗deei∆2τ )|e〉+ Ωp(Ω∗afe−i∆3τ + Ω∗dfei(∆2−∆3)τ )|f〉) ,
(B.2)
and fourth order term is
Ω∗p(K + L+M)|b〉+
(KΩ∗ae + LΩ
∗
cee
i∆1τ +MΩ∗dee
i∆2τ )|e〉+
(KΩ∗afe
−i∆3τ +MΩ∗dfe
i(∆2−∆3)τ )|f〉
,
(B.3)
where
K = Ωp(3|Ωp|2 + |Ωae|2 + |Ωaf |2 + Ω∗ceΩaeei∆1τ + (Ω∗deΩc1 + Ω∗dfΩaf )ei∆2τ ),
L = Ωp(3|Ωp|2 + |Ωce|2 + Ω∗aeΩcee−i∆1τ + Ω∗deΩceei(∆2−∆1)τ ),
M = Ωp(3|Ωp|2 + |Ωdf |2 + |Ωde|2 + (Ω∗aeΩde + Ω∗afΩdf )e−i∆2τ + Ω∗cdΩdeei(∆1−∆2)τ ).
(B.4)
We are interested only in the probability of atoms in the states |e〉 and |f〉, which
are
Pe = |Ωp(Ω∗ae + Ω∗ceei∆1τ + Ω∗deei∆2τ ) + (KΩ∗ae + LΩ∗ceei∆1τ +MΩ∗deei∆2τ )|2,
Pf = |Ωp(Ω∗afe−i∆3τ + Ω∗dfei(∆2−∆3)τ ) + (KΩ∗afe−i∆3τ +MΩ∗dfei(∆2−∆3)τ )|2.
(B.5)
Further simplification leads to results in Eqn. (7.3) and (7.4).
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